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Chapter 1

Topological Manifolds

These notes begin with a brief review of topology and the basic structural properties of
topological manifolds that will be used throughout the text.
We start by recalling a few standard notions from topology.

1.1 Topological preliminaries
1.1.1 Topological spaces
We start with the notion of a topological space.

Definition 1.1 (Topological space). A topological space is a pair (X, Ox), where X is a set ,
and Ox C 2% is a set of subsets of X (equivalently, subset of power set of X) satisfies:

e ),X € Ox.
e ABecOx = ANBeOx.
o A€ Ox,icl = |J;e; Ai € Ox.
We say A is an open set of X if and only if A € Ox.

Topology defines open sets to be stable under finite intersections and arbitrary unions. It is
natural to ask if this stability extends to infinite intersections. To build intuition, consider the
real line. The sets A, = (—1/n,1/n) are all open intervals. What is (°2; 4,7 It is the single
point 0, which is not an open set. This shows that openness is not preserved under infinite
intersections.

Example 1.2. Given a set X, there are two natural topologies that can be defined on it:
Trivial topology Ox := {0, X }.
Discrete topology Oy := 2X.

We now introduce two fundamental concepts related to open sets.

1. A subset A C X is said to be closed if and only if its complement X — A is open.
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2. A subset U C X is called a neighborhood of a point p € X if there exists an open set A
such that pe A C U.

The definition of a topological space is highly general. It is built on only three axioms,
making it applicable in a wide range of contexts. As a result, there exist certain highly
unconventional topologies that defy geometric intuition. A notable example of such a topology
can be found in Furstenberg’s proof of the infinitude of primes.

In these notes, we focus on well-behaved topological spaces. Arguably the most important
class is that arising from metric spaces.

Example 1.3. Let (X,d) be a metric space. That is, X is a set, and d: X x X — RT is a
non-negative function satisfying:

positivity d(z,y) =0 < x =y.
symmetry d(z,y) = d(y, ).
triangle inequality d(z,z) < d(z,y) + d(y, 2).
Then we define
Ox :={AC X :Vpe A, 3r > 0 such that B(p,r) C A}.
It is straightforward to verify (X, Ox) is a topological space.

Thus, R™ carries a natural topology induced by the Euclidean metric. When referring to
R™ as a topological space, we implicitly consider this metric-induced topology, and the notation
Ogn is often omitted for simplicity.

It is a good point to review another concept, which is called a basis for a topology.

Definition 1.4. Assume (X,Oy) is a topological space. Then B C 2% is called a basis for
this topological space if

Aec Ox <= Aisaunion of elements in B.
<= Vp e A,IB € B such that pe B C A.

Example 1.5. 1. B={B(z,r) CR": 2 € R",r > 0} is a basis for R™.
2. B={B(z,r) CR":2 € Q",r € Q,r > 0} is also a basis for R".

The previous example shows that R™ has a countable basis. This gives us a way to say that
R™ is not too large. In general, we have the following definition.

Definition 1.6 (Second countable). If the topological space (X, Ox) has a countable basis,
we say X is second countable.


https://en.wikipedia.org/wiki/Furstenberg%27s_proof_of_the_infinitude_of_primes
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1.1.2 Continuous maps

Let us now discuss maps between topological spaces. It is convenient to simplify our notation at
this stage. We will often write X to represent the entire topological space (X, Ox), implicitly
assuming that a topology Ox (the family of open sets) has been assigned. This abbreviation is
harmless, as the relevant topology will always be clear from the context.

Now, let X = (X,0x), Y = (Y, Oy) be topological spaces.A central idea in topology is
that specifying a topology on a space allows us to define what continuity means. In fact, this
is one of the primary motivations behind the very definition of a topological space.

Definition 1.7. A map ¢ : X — Y is said to be continuous if for any open set B C Y, the
preimage f~1(B) C X is open.

It is essential to note that continuity is defined in terms of the preimage of open sets being
open—not the image. For instance, a constant map R — R is continuous, even though the
image of any non-empty open set is a single point, which is not open in R.

Example 1.8. Let X = Y = R, equipped with the standard topology. In this case, the
topological definition of continuity given above is equivalent to the classical ¢ — § definition
from analysis.

The following defines when two topological spaces are considered "the same."

Definition 1.9. A continuous map ¢ : X — Y is called homeomorphism if ¢ is bijective, and
both ¢, ¢! are continuous.

An important warning is necessary here: a continuous bijective map ¢: X — Y is not
necessarily a homeomorphism. In other words, the continuity of the inverse is not automatic.
This phenomenon does occur, though in relatively special situations. One elementary example is
given in Item 5 of Fact 1.20. A deeper example is provided by Brouwer’s theorem on invariance
of domain.

1.1.3 Subspace topology

Let X be a topological space and Y C X a subset. We can naturally equip Y with a topology,
called the subspace topology, by declaring the open sets in Y to be exactly those of the form

Oy = {ANY : A€ Ox).

Whenever we refer to a map defined on Y—even without explicitly specifying its topology—we
always assume that Y is endowed with this subspace topology. In particular, continuity of such
a map is understood with respect to this induced topology.

It is important to understand (or at least feel comfortable with) the following two facts:

Fact 1.10. If f : X — Z is continuous, then its restriction fly :' Y — Z is also continuous
with respect to the subspace topology on Y .

Fact 1.11. The subspace topology is the coarsest topology on'Y (i.e., the one with the fewest
open sets) for which the inclusion map Y — X is continuous.

Example 1.12. Consider the inclusion map ¢ : R — R? defined by = + (z,0), which embeds
the real line as the z-axis in the plane. Then the subspace topology on R induced by this
inclusion coincides with the standard topology on R.


https://en.wikipedia.org/wiki/Invariance_of_domain
https://en.wikipedia.org/wiki/Invariance_of_domain
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1.2 Topological manifolds

A topic of particular interest in this course concerns topological spaces that, in some sense,
"resemble" R™. Indeed, R™ serves as a key model throughout our study. In this context, it is
worth mentioning a theorem that, while important to know, is not central to our development—
the so-called topological invariance of dimension.

Theorem 1.13 (Topological invariance of dimension). Let ¢: U — V be a homeomorphism
between nonempty open sets U C R™ and V C R™. Then m = n.

This tells us that, on a topological level, R™ and R" are fundamentally different when
m # n. While this may align with our intuition, the proof is surprisingly deep and lies beyond
the scope of this course—it typically makes use of tools such as homology groups.

Let us now return to the idea of spaces that look like R™.

Definition 1.14 (Locally Euclidean). A topological space X is called locally Fuclidean at
a point p € X of dimension n if there exists an open neighborhood p € U C X that is
homeomorphic to some open subset of R™. That is, there exist an open set U C R™ and a
homeomorphism ¢: U — U.

This means that, locally, the topology around p is indistinguishable from that of a Euclidean
space. This is a very special property, and one we will encounter frequently. As a useful
exercise, we note the following:

Exercise 1.15. One may always take U = B(0,1) C R" in the above definition. (Hint: use a
dilation to identify R™ with the unit ball, and restrict the original homeomorphism accordingly.)

You might wonder why this property is so interesting. Consider, for example, the universe—
or the surface of the Earth—as a topological space. We may not know its global structure
(indeed, ancient people did not know the Earth was a sphere until they could observe it from
outside), but we do know that locally, it appears Euclidean: our universe looks like R? in small
regions, and the Earth’s surface looks like R%2. Thus, while the local topology is trivial, the
global structure can be far more interesting.

Here is a lemma whose proof is worth understanding, as the underlying argument will be
used repeatedly.

Lemma 1.16. The dimension n in the definition of a locally Euclidean space is uniquely
determined at each point p.

Proof. Suppose X is locally Euclidean at p with two possible dimensions n; and nz. Then
there exist open neighborhoods p € U; C X and homeomorphisms ¢;: U; — U; C R™ for
1 =1,2. Since p € Uy N Us, the intersection is nonempty. Now consider the composition

w0t 01(Ur NU) CR™ — o(Up NU) C R™2,

which is a homeomorphism between nonempty open subsets of R”! and R"2. By the topological
invariance of dimension, it follows that n; = ns. O

To further develop the language of manifolds, we introduce several key topological properties.
The first is the following:
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Definition 1.17. A topological space X is called Hausdorff if for any two distinct points
p,q € X, there exist open sets U,V C X such that pe U, g€ V,and UNV = 0.

Example 1.18. 1. Any metric space is Hausdorff in its induced topology.

2. If X is separated by continuous functions in the sense that for every pair p # ¢ there
exists a continuous f: X — R with f(p) # f(q), then X is Hausdorff.

Next, we recall the important notion of compactness.
Definition 1.19. A subset K C X is called compact if every open cover {A;};cr of K-that is,
K C ;e Ai-admits a finite subcover {A;};cp satisfying
Kcl|J4, I'cl |I'|<c.
iel’
If X itself is compact, we call X a compact space.

Although compactness is not always included in the definition of manifolds, it interacts
fruitfully with the Hausdorff property. Moreover, Euclidean space R" is locally compact—
meaning that every point has a compact neighborhood inside any prescribed neighborhood—and
we will later see that all manifolds inherit this property.

The following collection of basic topological facts will be useful throughout this course.

Fact 1.20. 1. If X is Hausdorff and Y C X, then Y is Hausdorff under the subspace
topology.

2. In a Hausdorff space X, every compact subset K C X is closed.
3. If X is compact and K C X is closed, then K is compact.

4. The continuous image of a compact set is compact: if o: X =Y is continuous and K C X
is compact, then ¢(K) is compact.

5. If X is compact, Y is Hausdorff, and ¢: X — Y is a continuous bijection, then ¢ is a
homeomorphism.

These facts complete our review of the necessary topological background. We now turn to
the central object of interest in this course: manifolds.

Definition 1.21. A topological space M is called an n-dimensional topological manifold if it
satisfies the following three conditions:

1. M is locally Euclidean of dimension n,
2. M is Hausdorff,
3. M is second countable.

The requirement that M be locally Euclidean is fairly intuitive—without it, the space could
exhibit pathological local behavior. It is natural to ask, however, why we also impose the
Hausdorff and second countable properties. To illustrate their importance, we now examine
what can go wrong if either of these conditions is omitted.
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Non-example 1.22 (Dropping the Hausdorff condition). Define X := (R x {0,1})/~ as the
quotient of two real lines, where (x,0) ~ (x,1) for all x < 0. A subset A C X is open if and
only if its preimage under the quotient map m is open in R x {0,1}. One may verify that the
sets {[(x,0)] : z € R} 2 R and {[(z,1)] : z € R} = R are open in X. Thus, X is locally
Euclidean. However, X is not Hausdorff: the two distinct points [(0,0)] and [(0,1)] do not
admit disjoint neighborhoods.

In essence, the Hausdorff condition prevents such pathological "branching" behavior, which
is undesirable in a well-behaved geometric object.
Let us now examine the second countable condition.

Non-example 1.23 (Dropping the second countable condition). Define X := R? with the
topology given by
Ox ={U x{y}:U € Og, y € R}.

Then (X, Ox) is locally Euclidean of dimension 1 at every point. However, this space fails to
be second countable and has uncountably many connected components.

Here, the second countable condition serves to exclude spaces with too many components-in
particular, uncountably many.

A more sophisticated example is the long line, which also violates second countability. Its
construction is somewhat involved and relies on set-theoretic concepts such as well-ordered
sets. Interested readers may refer to the linked Wikipedia entry for further details.

Now we give some examples of manifolds.

Example 1.24. If M is a 0-dimensional topological manifold, then M is a finite or countable
set equipped with the discrete topology.

Example 1.25. If M™ is a topological manifold and M’ C M™ is an open subset, then M’ is
also an n-dimensional topological manifold. For instance, any open subset of R" is a manifold.

Example 1.26.
Si={(x1,22) € R?: 2% + 23 =1}.

1.3 Connectivity

Let us recall some basic terminology regarding connectedness. There are essentially two
fundamental ways to characterize when a topological space is connected.

Definition via Clopen Sets

The more basic definition states that a topological space X is connected if the only subsets
that are both open and closed (clopen) are () and X itself.

Why is this definition meaningful? Suppose there exists a non-trivial clopen subset A C X
with A # () and A # X. Then its complement X \ A is also clopen. Consequently, the topology
of X decomposes into disjoint unions of open sets from A and X \ A, indicating that X can be
separated into two independent components. Thus, connectedness precisely prohibits such a
separation.


https://en.wikipedia.org/wiki/Long_line_(topology)

CHAPTER 1. TOPOLOGICAL MANIFOLDS 7

Path Connectedness

In practice, a more operational notion is the stronger concept of path connectedness. A space X
is path connected if for any two points p,q € X, there exists a continuous path ~: [0,1] — X
such that v(0) = p and y(1) = q.

It is straightforward to verify that path connectedness implies connectedness. However, the
converse is generally false. A classic counterexample is the topologist’s sine curve. Notably, for
topological manifolds, these two notions coincide.

Theorem 1.27. Let M™ be a topological manifold. Then
M is connected <= M 1s path connected.

Proof. ( <= ) This direction is straightforward and will be left as an exercise.

( = ) We now prove the non-trivial direction. Assume M is connected and we want to
show it is path connected. To understand the proof strategy, it is helpful to first consider the
case when M is an open subset of R", a proof that may be familiar from analysis or topology
courses.

Case: M C R"™ open. Fix a base point p € M. Define the set

U ={q € M : 3 a continuous path from p to ¢ within M}.

Our goal is to show that U = M.

First, we show U is open. Take any ¢ € U. Since M is open, there exists an open ball
B.(q) € M. For any r € B.(q), we can connect ¢ to r by a straight line segment (which is
continuous) contained entirely in B-(¢) C M. By composing this with the path from p to ¢,
we obtain a path from p to r. Hence, B:(q) C U, proving U is open.

Next, we show U is closed in M. Suppose ¢ € M \ U. Again, by openness of M, there
exists an open ball B.(q) C M. We claim B.(¢) C M \ U. If not, there would exist some
r € B-(q) N U. But then we could connect p to r (since r € U) and then connect r to ¢ by a
straight line segment within B.(q), contradicting ¢ ¢ U. Thus, M \ U is open, so U is closed.

Since M is connected and U is non-empty (as p € U), we conclude U = M.

General case: M is a topological manifold. The proof follows the same strategy. Fix
p € M and define U as above.

To show U is open: For ¢ € U, take a coordinate chart (V,¢) with ¢ € V and (V)
homeomorphic to an open subset of R™. Since ¢(V') contains an open ball around ¢(q), we
can find a neighborhood W C V of ¢ that is homeomorphic to an open ball. Any point in
W can be connected to ¢ by a path in W (via the straight line in coordinates), hence can be
connected to p by extending the existing path. Thus, W C U.

To show U is closed: Suppose ¢ € M \ U. Take a coordinate chart (V,¢) around ¢ with
(V) homeomorphic to an open ball. If there were some r € V NU, we could connect p to r
and then 7 to ¢ within V' (using the coordinate representation), contradicting g ¢ U. Hence,
V.cM\U,so M\U is open.

By connectedness of M and non-emptiness of U, we conclude U = M. ]

1.4 Local compactness and paracompactness

We now turn to slightly more technical aspects of topological manifolds. We will see how the
second countability condition translates into more practical tools for working with manifolds.


https://en.wikipedia.org/wiki/Topologist%27s_sine_curve
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1.4.1 Local Compactness

Proposition 1.28. Let M be a topological manifold. Then for every point p € M and every
open neighborhood U of p, there exists a compact neighborhood K of p such that K C U.

Proof. Since M is a topological manifold, it is locally Euclidean. Hence, there exists a coordinate
chart (V,¢) such that:

epcV CU,
e o(V) C R"™is open.

~ Choose an open ball B, (p(p)) € o(V) centered at ¢(p). Now, consider the closed ball
B, /2(¢(p)) C Br(v(p)) and define:

K = ¢ (B,2(e(p)) -
We verify the required properties:

1. K is compact: The closed ball B, j5(¢(p)) is compact in R”. Since ¢ is a homeomorphism
onto its image, K is compact in M.

2. K is a neighborhood of p: The open ball B, 5(¢(p)) is contained in B, j2(¢(p)), so

¢ (Bra(p(p) C K.
This set is open in M and contains p, so K is a neighborhood of p.
3. K CU: Since K C V C U, the result follows.
Thus, K is a compact neighborhood of p contained in U. O
This property shows that M is locally compact according to the definition:
Definition 1.29. A topological space X is locally compact if for every point p € X and every

open neighborhood U of p, there exists a compact neighborhood K of p such that p € K C U.

1.4.2 Exhaustion by Compact Sets

A crucial consequence of second countability and local compactness is the existence of exhaustion
by compact sets:

Definition 1.30. A topological space X admits an ezhaustion by compact sets if there exists
a sequence {K,}>°, of compact subsets such that:

1. K, Cint(K,41) for all n > 1,
2. U, Kn = X.

Remark 1.31. For any exhaustion {K;} of X, we have:

X = fj Int(K;).
=1
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This has a useful consequence: any compact subset K/ C X is eventually contained in the
interiors of the K;’s. Specifically, since {Int(k;)}$2, is an open cover of K’ and K’ is compact,
there exists a finite subcover. Due to the nesting property K; C Int(K;41), this implies:

K' cInt(K;) for all i > ig(K').

In other words, any compact subset of X is eventually "absorbed" by the interiors of the
exhaustion sets.

1.4.3 Construction of Compact Exhaustion

Proposition 1.32. Let X be a second countable, locally compact, Hausdorff topological space.
Then X admits an exhaustion by compact subsets.

This result highlights one of the key motivations for assuming second countability in the
definition of topological manifolds.

Proof. We construct the exhaustion explicitly. Let B be a countable basis for the topology of
X. Define the subcollection:

B' = {B € B: B is compact}.

By local compactness and Hausdorff condition, B’ remains a basis for X. Actually, Let p € X
be an arbitrary point and A € Ox be any open neighborhood of p. By local compactness,
there exists an open set A’ and a compact set K such that p € A’ C K C A.

Since B is a basis, there exists some B € B with p € B C A’. Now, using the Hausdorff
property, we observe that K is closed in X (as compact subsets of Hausdorff spaces are closed).
Therefore, we have:

BcC A CK.

Since K is compact and B is a closed subset of K, it follows that B is compact. This shows
that B € B/, and we have found B € B’ with p € B C A, proving that B’ is indeed a basis for
X.

Enumerate the elements of B as Uy, Us, Us, . ..

We now construct the exhaustion recursively:

Base case: Let K| = Uj.

Inductive step: Suppose K,, has been constructed. Since K, is compact and {U;} is an
open cover of X, there exists m, > n such that:

K,ctyuUyU---UUp,.-

Define: -
Knt1 =U,U0U---UUpy,,.

By construction, each K, is compact (finite union of compact sets), K,, C int(K,11) (since
K, is contained in the union of the U;’s, which are open subsets of K1), and Uzozl K,=X
(since {U;} covers X). O
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1.4.4 Paracompactness

We now introduce a fundamental topological property that will play a crucial role in our study
of manifolds.

1.4.5 Basic Definitions
Definition 1.33. Let X be a topological space.
1. An open cover of X is a collection U C Ox of open sets such that X = J; ¢, U.

2. An open cover U is called locally finite if every point p € X has a neighborhood W that
intersects only finitely many U € U.

3. An open cover V is a refinement of an open cover U if for every V € V, there exists U € U
such that V C U.

4. X is paracompact if every open cover has a locally finite refinement.

Remark 1.34. Paracompactness serves to "tame" potentially complicated open covers. In
the context of manifolds, we frequently work with collections of coordinate charts covering
the space. Although there may be infinitely many charts, paracompactness guarantees the
existence of a refinement where only finitely many charts interact at any given point. This
localization property makes many local arguments feasible and is essential for various global
constructions.

1.4.6 Paracompactness of Topological Manifolds
Theorem 1.35. Fvery topological manifold is paracompact.

Remark 1.36. The primary application of paracompactness in differential geometry is the
construction of partitions of unity. These are families of smooth functions that sum to 1
everywhere while maintaining local finiteness (only finitely many are nonzero in any compact
neighborhood). Partitions of unity enable us to glue locally defined objects into global ones.
We will explore this in detail in subsequent lectures.

Proof. The proof proceeds by constructing a locally finite refinement using the compact
exhaustion of M. Let {K;}{°, be an exhaustion by compact subsets with K; C int(K; 1) for
all 7.

Define the compact annuli:

N; = K; \ int(Ki_l), with Ky = 0.

These sets cover M since |J;2, K; = M and K; C int(K;11).
Now define open neighborhoods for these annuli:

j\vfi = int(Ki+1) \Ki,Q,

where we take K_; = Ky = (). Note that N; C N; for each 1.
Let U be an arbitrary open cover of M. For each 4, the compact set INV; can be covered by
finitely many elements of U. Let U; be such a finite subcover for N;.
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Define the refinement: N
Vi:{NiﬂU:UEUZ‘},
and let V = [J;2, V.
We now verify that V is a locally finite refinement of U:

1. Refinement: Each V € V is of the form N, NU forsome U ed; CU,s0V CU.

2. Locally finite: For any p € M, there exists a minimal ¢ such that p € K;. Consider the
neighborhood W = int(K;41) \ K;—2. Then:
o If j >i+42, then Wﬂ]\~fj C KipiN(M\ Kj) =0 since j > i+2 implies K; 11 C Kj_».
o If j < i—2, then Wﬂ]\ij C (M\ Ki—2) N Kjy1 = 0 since j < i — 2 implies
K41 C Ko,

Thus W intersects only Ni_g,ﬁi_l,ﬁi,ﬁi+1,ﬁi+2 (with appropriate adjustments for
boundary cases). Since each V; is finite, W intersects only finitely many elements of V.

Therefore, V is a locally finite refinement of U, proving that M is paracompact. ]

1.5 Classification of connected one-dimensional manifolds

We conclude this chapter with the classification of connected one-dimensional topological
manifolds. The key point is that a one-dimensional manifold is locally an open interval, and
global behavior is controlled by how such intervals can degenerate at their endpoints.

Lemma 1.37 (Interval extension lemma). Let I,J C R be bounded open intervals, and let
K C I and L C J be closed subintervals. Then every homeomorphism fo: K — L extends to a
homeomorphism f: I — J. In particular, there exists a homeomorphism f: I — J such that
F(K) = L.

Proof. Write
I = (a,b), J = (¢,d), K = o, 3], L =[y,0].

Fix a homeomorphism fo: K — L. Define f: I — J by

c—i—(’y—c)z: , x € (a,q],
f(SC) = fO(CU), UAS [O‘76]7
5+(d—5)9b”:§, € [8,b).

This map is continuous and strictly monotone on each of the three pieces, and the endpoint
values match at a and 5. Hence f is a continuous bijection from the interval I onto the interval
J, so it is a homeomorphism. By construction, f|x = fo. O
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Proposition 1.38. Let M be a connected 1-dimensional topological manifold. Suppose that M
admits a compact erhaustion

00
K1CKQCK3C"‘, KiCiIlt(Ki_H), UKZ:M’
=1

in which each K; is homeomorphic to [0,1]. Then M is homeomorphic to R.

Proof. We construct homeomorphisms
F;: K; — [—i,i}

inductively so that Fiii|k, = F; for every i.

Choose any homeomorphism F: K1 — [—1,1]. Assume that F; has been constructed. Since
K; C int(K;4+1) and K41 = [0, 1], the complement K;1; \ int(K;) consists of two nonempty
boundary arcs. Equivalently, if we choose a homeomorphism

6;: Kiv1 — [0,1],

then 0;(K;) is a closed subinterval contained in (0,1). By Lemma 1.37, there exists a homeo-
morphism
Aii [0,1] = [—i—1,i+1]

such that
Xilo, (k) = Fi 0 0; o,
Set
Fip1:=Xiob;.

Then Fj4q is a homeomorphism K1 — [—i — 1,7 + 1] extending F;.
The maps F; therefore glue to a well-defined map

F:M—R

with F|g, = F; for every 4. It is bijective because the intervals [—i, 4] exhaust R. It remains to
show that F' is a homeomorphism.

The map F' is continuous because each restriction F'|g, is continuous and the interiors of
the K; cover M. Likewise, F~! is continuous because its restriction to each compact interval
[—i,4] is F;"'. Hence F is a homeomorphism. O

Proposition 1.39. Let M be a 1-dimensional topological manifold, and let
UhcUyCcUsC---

be an increasing sequence of open subsets of M, each homeomorphic to (0,1). Then

U= U
=1

is also homeomorphic to (0,1).
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Proof. Since U is an open subset of a second countable Hausdorff manifold, it is itself a second
countable Hausdorff locally compact space. Hence U admits a compact exhaustion

CiCcCycCsC--, Cicint(Cipr), |(JCi=U
=1

By passing to a subsequence of the U;, we may assume that C; C U; for every 1.
We now construct compact intervals

K1CK2CK3C"‘

with
C; C K; CUj, K; C int(KZ'+1), K; = [0, 1].

Assume that K;_; has been chosen. Because C;UK;_; is a compact subset of U; and U; = (0, 1),
choose a homeomorphism
¢i: U, — (O, 1).
Then ¢;(C; U K;_1) is a compact subset of (0,1), hence contained in some closed interval
[a;, b;] C (0,1). Define
Ki = ¢; ' ([ai, bi])-

Then K; = [0, 1], it contains C; U K;_;, and because K;_; is compact and K; has nonempty
interior in the interval U;, we may enlarge [a;, b;] slightly if necessary so that actually K;_; C

1nt(Kl)
Thus the K; form a compact exhaustion of U by copies of [0,1]. Proposition 1.38 now
implies that U =2 R. Since R 2 (0, 1), the proof is complete. O

Corollary 1.40. Let M be a 1-dimensional topological manifold, and let I C M be an open
subset homeomorphic to (0,1). Then there exists a maximal open subset U C M such that
ICcUandU =(0,1).

Proof. Consider the collection of all open subsets of M that contain I and are homeomorphic
to (0,1), partially ordered by inclusion. If {U;}cs is a totally ordered subcollection, second
countability of M allows us to choose an increasing countable cofinal subchain

Uy, cUj,C--,

and Proposition 1.39 shows that the union is again homeomorphic to (0,1). Thus every chain
has an upper bound, and Zorn’s lemma yields a maximal element. O

Lemma 1.41 (Local containment lemma). Let M be a one-dimensional topological manifold,
and let f: (0,1) — M be a continuous injective map. If there exists a strictly increasing
sequence t; — 1 such that f(t;) — p € M, then there exist a coordinate chart (V,1)) around p
with Y(V) = (—2,2) and an integer ig such that for every i > iy,

[t tial) €V and  @(f([ti, tira])) € (—1,1).
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Proof. Because f(t;) — p, we may choose a chart (V%) around p with (V) = (—2,2) such
that for all sufficiently large ¢ we have f(t;) € V and 9(f(t;)) € (—1,1). Fix N so that this
holds for every i > N.

If for every ¢ > N one already has

f(ltistia]) €V and  @(f([ti tiva])) € (=1,1),

then there is nothing to prove. Suppose instead that ¢ > N is an index for which this fails. Set

Si = {8 S [tiati—i-l] : f([ti,s]) C V and w(f([t“s])) C (—1, 1)}

and let 7; := sup .S;. By continuity, one has

f([ti,ﬂ']) cVv and T,ZJ(f([t@,Tz])) C [—1, 1].

If ¥(f(r;)) € (—1,1), then the defining property of S; would persist on a slightly larger interval,
contradicting the definition of ;. Hence necessarily

P(f(m) e {-1,1}.

Because f is injective, each of the two values —1 and 1 can occur in this way at most once.
Therefore there are at most two indices ¢ > N for which the desired containment fails. Choosing
19 larger than all of them proves the lemma. O

Lemma 1.42. Let M be a one-dimensional topological manifold, and let I C M be an open
subset homeomorphic to (0,1). Then the closure I of I in M is homeomorphic to exactly one
of the following spaces:

(0,1), [0,1), [0,1], St

Proof. Choose a homeomorphism f: (0,1) — I. We analyze the possible limits of f(t) as
t— 0" and t — 1.

Suppose first that there exists a sequence ¢t; — 1~ such that f(¢;) — p € M. Choose a chart
(V,4) around p with (V) = (—2,2) and ¢(p) = 0. By Lemma 1.41, after passing to large i all
image segments f([t;, t;+1]) lie in V' and their coordinate images lie in (—1,1). Therefore, for
some ig, the map

g::@ZJOf: [tiovl) — (_131)

is continuous and injective. A continuous injective real-valued function on an interval is strictly
monotone, so the limit
L := lim g(t)
t—1—
exists in [—1,1]. Setting f(1) := ¢p~!(L) gives a continuous extension of f to the endpoint 1.
By the Hausdorff property, this endpoint is uniquely determined whenever it exists. The same
argument applies at 0.

Thus each endpoint of (0, 1) either has no limit in M or contributes a single boundary point
to the closure. If neither endpoint contributes a limit, then I = (0, 1). If exactly one endpoint
contributes a limit, then T = [0, 1). If both contribute distinct limits, then I 2 [0, 1]. If both
contribute and the two limits agree, then the two ends are glued to one point, so I =2 S'. These
are the only possibilities. O
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Theorem 1.43 (Classification of connected 1-manifolds). Every connected one-dimensional
topological manifold is homeomorphic either to R or to S*.

Proof. Let M be a connected one-dimensional topological manifold. Choose a nonempty open
subset I C M homeomorphic to (0,1), and let U C M be a maximal open subset containing I
such that U = (0,1), whose existence is guaranteed by Corollary 1.40. By Lemma 1.42, the
closure U is homeomorphic to one of

(0,1), [0,1), [0, 1], St

We first rule out the half-open and closed interval cases. Suppose U 22 [0,1) or U £ [0, 1],
and let p € U\ U be an endpoint. Choose a chart (V, 1) with ¢(V) = (=2,2) and 9 (p) = 0. As
in the proof of Lemma 1.42, after restricting to points of U sufficiently near p, the coordinate
expression of U NV is a one-sided interval, say (0,¢) after possibly replacing ¢ by —. Then

W =4~ ((-n,e))

for small 7 > 0 is an open interval neighborhood of p, and U U W is an open subset strictly
containing U that is still homeomorphic to (0, 1). This contradicts the maximality of U. Hence
U cannot be homeomorphic to [0, 1) or [0, 1].

If U =2 S, then U is compact and has no boundary points. For each ¢ € U, a small
coordinate neighborhood in M meets U in an open interval, hence lies entirely in U. Thus U
is open in M. It is also closed by definition, so connectedness of M implies M = U = S*.

The only remaining possibility is U = (0,1). In this case U = U, so U is both open
and closed in M. Since M is connected and U # (), we obtain M = U. Finally, (0,1) is
homeomorphic to R, so M = R. O

Remark 1.44. There is another useful route to the noncompact case. Using the compact
exhaustion result proved earlier in this chapter, one can show that a noncompact connected
one-dimensional manifold admits an exhaustion by compact intervals. The interval-extension
result then allows one to glue these intervals inductively into a global homeomorphism with R.



Chapter 2

Smooth Manifolds and Smooth
Functions

In this chapter we pass from topological manifolds to smooth manifolds. We first introduce
smooth atlases and smooth structures, then discuss basic examples and constructions, and
finally develop the existence of cutoff functions, partitions of unity, and smooth approximation.

2.1 Smooth manifolds

We now equip a topological manifold with the additional structure that allows us to do calculus
on it. This structure is encoded by smooth charts and smooth transition maps. We begin by
recalling the notion of a smooth map between open subsets of Euclidean spaces.

Definition 2.1. Let U C R™ be an open set and f : U — R"” be a function. We say that f is
smooth (or C*) on U if:

1. f is continuous on U

2. All partial derivatives of f of all orders exist and are continuous on U

That is, for every multi-index o = (v, ..., ) € ZZ,, the partial derivative
ol
0 f = g
0z - - 0w

exists and is continuous on U, where |a| = a1 + -+ + am.
Remark 2.2. This definition can be equivalently stated as:
e fis CF for every k > 0
e f is infinitely differentiable (C*°)
e The function f and all its derivatives vary continuously throughout U.

Let M™ be an n-dimensional topological manifold. Recall that a manifold is a locally
Euclidean, Hausdorff, and second-countable topological space. For our present purposes, the
most important feature is the local Fuclidean structure. To make this precise, we introduce
charts, which provide local coordinate descriptions of the manifold.

16
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Definition 2.3. A chart on M is a pair (U, ¢) where:
1. U C M is an open set.
2. $:U — ¢(U) C R™ is a homeomorphism onto an open subset of R".

We can now compare how different charts relate to one another. The resulting transition
maps will determine what it means for an atlas to be smooth.

Definition 2.4. Let (U, ¢) and (V, 1) be two charts on M. Let W = UNV be their intersection.
The maps

Yoo oyt d(W) = (W) and  ¢otp™ ya : (W) = (W)

are called the transition maps between the charts. The two charts are called smoothly compatible
if both transition maps are smooth (i.e., C°° maps between open subsets of R™).

Example 2.5 (Polar Coordinates). Let M = R? be the Euclidean plane. Consider two charts:
e The Cartesian chart: (U, ) where U = R? and ¢ = idg2 is the identity map.

e The polar chart: (V,1) where V = R?\ RZ? x {0} (the plane with the non-negative x-axis
removed), and 1 : V — R? is defined by

U(x,y) = (\/xQ + 2, arctan <%)> )

Denoting r = /22 + y? and 6 = arctan(y/z), we obtain the classical polar coordinates.
The transition map from polar to Cartesian coordinates is given by:

pop™ (V) = RE  (r,0) — (rcosf,rsinb).

This is the familiar coordinate transformation between Cartesian and polar coordinates.
Note that both transition maps ¥ o ¢~ ! and ¢ o ¢~ are smooth on their respective domains,
making these charts smoothly compatible. The exclusion of the non-negative x-axis in the
polar chart is necessary to ensure that ¢ is a homeomorphism, as the angular coordinate 6
requires a consistent branch choice.

Now we attempt to give the precise definition of a differentiable manifold. Intuitively, we
need a "complete" family of charts whose domains cover the entire manifold, and the transition
maps between any two charts should be smooth. This is analogous to how an atlas of maps is
used in geography to describe the Earth.

Definition 2.6. An atlas A on M is a collection of charts on M such that:
1. The charts cover M: | peaU =M

2. Any two charts in 4 are mutually compatible.

Example 2.7 (Standard Charts on S'). The circle S' = {(x,y) € R? : 22 + 3? = 1} can be
endowed with a smooth structure using different atlases.

Atlas 1: Four Charts via Projections
Consider the following four open subsets of S*:
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o Uy = {(x,y) € S':y > 0} (upper semicircle)

(z,y) (
o Uy ={(z,y) € St :y <0} (lower semicircle)
o Us = {(z,y) € S*: z > 0} (right semicircle)
o Uy ={(z,y) € S*: x < 0} (left semicircle)

Define the chart maps as projections onto coordinates:
o ¢1:U; — R,

x,y) — x (projection to x-axis)

o ¢o:U; - R, (x,y)—=x

o ¢y:U; — R,

(
(z,y)

o ¢3:Us =R, (z,y)—y
(z,y) =y

Each ¢; is a homeomorphism onto (—1,1) C R. The transition maps between these charts
are smooth. For example, for Uy NUs = {(z,y) € S : 2 > 0,y > 0}, we have:

¢30 gbl_l(x) = ¢3(z,V1—22)=+1—22, x€(0,1)

which is smooth on (0, 1). Similar calculations show all transition maps are smooth.

Atlas 2: Two Charts via Stereographic Projection
The stereographic projection provides a more elegant atlas with only two charts. Let:

e V3 =51\ {(0,1)} (circle without north pole)
o Vo =5\ {(0,-1)} (circle without south pole)
Define the stereographic projections:

e 1 : Vi — R (projection from north pole (0,1)):

X
1—y

V1(z,y) =

e 1 : Vo — R (projection from south pole (0, —1)):

X
14y

wQ(x7y) =

Both 11 and 12 are homeomorphisms onto R. The transition map on Vi N Va = S'\
{(0,1),(0,—1)} is:
2t t?—1 1
—1
t) = — 55— | =-, teR
vl 0= (g ae1) —p 1SRV

which is smooth on R\ {0}. Similarly, ¢, o 95 *() = 1/t is smooth.
Both atlases define the same smooth structure on S', demonstrating that different collections
of charts can yield equivalent differentiable manifolds.
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As the examples illustrate, a manifold can admit many different atlases. Analogous to the
variety of physical atlases one might find for the Earth, we require a method to determine
when two such atlases describe the same underlying smooth structure.

Definition 2.8. Two atlases A and A’ on M are compatible if any of the following equivalent
conditions holds:

1. AUAis an atlas.
2. Every chart in A is compatible with every chart in A’.

Example 2.9 (Compatible Atlases on S!'). The two atlases on S' described above—the
four-chart atlas via projections and the two-chart atlas via stereographic projection—are in
fact compatible. This means that they both belong to the same equivalence class of atlases and
thus define the same smooth structure on the circle.

While one could verify this directly by checking the smoothness of all transition maps
between charts of the first atlas and charts of the second, such a verification, though straight-
forward, is computationally tedious.

We will later establish this fact in a more conceptual and elegant way. Once we develop
the theory of immersions and their relationship with differential structures, the compatibility
of these atlases will follow naturally as a consequence of a more general principle. This
approach highlights the power of the categorical viewpoint in differential geometry, where the
fundamental properties of a manifold can be understood through its smooth maps to and from
other manifolds.

Remark 2.10. Compatibility of atlases is an equivalence relation. Indeed, the reflexive and
symmetric properties are obvious. To check transitivity, let Ay, As and Az be atlases such
that A; is compatible with As, and As is compatible with As. Take any charts (U, ¢1) € Ax
and (Us, ¢3) € As. We must show that ¢; and c3 are compatible. Let V =U; NUs. If V =),
then ¢; and c3 are trivially compatible. Suppose V' # (). It suffices to check that ¢3 o gbfl is
smooth on ¢1(V'). We verify this by checking differentiability at ¢;(x) for each x € V. Choose
(Ua, ¢2) € Az such that x € Uy. Then:

¢ 0 qﬁl_l : 91(Ur NUz2) — ¢2(Up NU2) is smooth at ¢ (z),
P30 by po(Uz NU3) — ¢3(Uz N U3) is smooth at ¢o(z).

Hence, the composition ¢3 o gi)fl = (¢30 q’>2’1) o(¢go0 gbfl) is smooth at ¢1(z) as desired.

This gives us an appropriate way to say when two atlases are essentially the same. We can
now define:

A differential manifold structure on M is an equivalence class of compatible atlases on M.

An alternative definition can be formulated as follows. We say that an atlas A on M is full
(or mazimal) if whenever (U, ¢) is a chart on M that is compatible with every chart (V1) € A,
then (U, ¢) necessarily belongs to A. It is straightforward to verify that each equivalence class
of atlases on M contains exactly one full atlas.

We may therefore equivalently define:

A differential manifold structure on M is the choice of a full atlas on M.

To establish the equivalence of this definition with the previous one, we must show that for
any atlas A on M, there exists a unique full atlas A4 that is compatible with A.
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Theorem 2.11. Let M be a topological manifold and A a smooth atlas on M. Then there
exists a unique full atlas A compatible with A.

Proof. The uniqueness is immediate. For existence, define A to be the collection of all charts
on M that are compatible with every chart in A:

A:={(U,¢) : (U,¢) is a chart on M and is compatible with all (V) € A}.

We must verify that any two charts (Uy, ¢1), (Uz, ¢2) € A are smoothly compatible. Let
q € ¢1(U1r N Uz) be arbitrary, and choose p € U; N Uy such that ¢1(p) = ¢. Since A covers M,
there exists a chart (V,¢) € Awithp e V.

Consider the transition map ¢g o ¢ ' restricted to ¢1 (U3 N U N'V). This can be expressed
as the composition:

20 ¢1_1’¢1(U10U20V) - (d)Q © wil}w((bmv)) © <¢ © ¢1_1‘¢1(U1QV)) ’

By the definition of A, both ¢ 01 ~! and 1 o qﬁl_l are smooth on their respective domains.
Therefore, their composition ¢2 o gbfl is smooth in a neighborhood of ¢. Since ¢ was arbitrary,
the charts (Uy, ¢1) and (Uz, ¢2) are smoothly compatible.

Finally, A is maximal by construction, which completes the proof of existence. O

Henceforth, we will assume that M is a topological space equipped with a fixed differential
manifold structure. We denote by A(M) the full atlas corresponding to this structure. By a
chart (U,¢) on M, we will always mean a chart belonging to A(M); similarly, an atlas A of
M will always refer to a collection of charts that forms a subset of A(M) and covers M.

2.2 Examples and constructions

We next record several basic examples and constructions of smooth manifolds.

Example 2.12 (Euclidean Space). The Euclidean space R™ carries a natural differential
structure. The standard smooth structure is given by the maximal atlas containing the identity
chart (R™,idgn). This atlas consists of all charts that are smoothly compatible with the identity
map, forming what we call the standard differentiable structure on R"™.

Example 2.13 (Open Submanifolds). If M is a smooth manifold with maximal atlas A(M)
and U C M is an open subset, then U naturally inherits a smooth manifold structure. The
induced maximal atlas on U is given by:

AWU) = {(V,d) : (V,¢) € AM) and V C U,

That is, we simply restrict the charts of M to the open subset U. One readily verifies that this
collection forms a maximal atlas on U, making it a smooth submanifold of M.

Example 2.14 (Distinct but Diffeomorphic Structures on R). Consider the topological manifold
R. The standard differential structure is given by the maximal atlas containing the identity
chart (R,idr). However, we can define a different differential structure on the same underlying

topological space using the chart (R, ¢) where ¢(z) = 3.
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These two charts are not smoothly compatible: the transition map idg 0 ¢~ 1(t) = t1/3 is not
differentiable at ¢ = 0. Therefore, the maximal atlases generated by these charts are distinct,
giving R (as a topological manifold) at least two different smooth structures.

This example demonstrates that equality of differential structures (i.e., requiring the
maximal atlases to be identical) is too restrictive a notion of equivalence. A more appropriate
concept, which we will introduce later, is that of diffeomorphism - two manifolds are considered
equivalent if there exists a smooth bijection between them with smooth inverse, even if their
maximal atlases differ.

There is also a converse point of view: instead of starting with an already defined topological
manifold, one may begin with a family of compatible local charts and use them to construct
the manifold itself. This is formalized in the following construction lemma.

Lemma 2.15 (Manifold Construction Lemma). Let X be a set. Suppose we are given a
collection {Uq }acr of subsets of X and a collection of bijections {¢q : Uy — ¢a(Uqa) tacr where
each ¢o(Uy) is an open subset of R™, such that:

1. For all o, p € I, the sets po(Uq NUg) and ¢g(Us NUg) are open in R™.
2. The transition maps ¢g o o' : ¢pa(Us NUg) — ¢d5(Us NUg) are smooth.
3. The collection {Uy} covers X.

4. (Hausdorff Separation) For any two distinct points p,q € X, there exist indices a, B € 1
with p € Uy, q € Ug, and open subsets V, C Uy, Vg C Ug such that:
epcV,andqeVp
e VN Vg =0
o ¢o(Va) and ¢g(V3z) are open in R™

5. (Second Countability) There exists a countable subcollection {Uy, }2, that still covers
X.

Then there exists a unique topology and smooth structure on X making it a smooth n-dimensional
manifold for which the (Uy, ¢o) form a smooth atlas.

Proof. Define a topology on X by declaring O C X open if and only if ¢, (O NU,) is open in
R™ for all & € I. This is the unique topology making all ¢, homeomorphisms.
The given conditions ensure:

Local Euclideanness: Each (U,, ¢,) is a homeomorphism onto an open subset of R"™.

Hausdorff: Condition (4) provides separation via charts.

Second countability: Condition (5) gives a countable cover, and R"™ has countable bases.

Smooth structure: Conditions (1)-(3) ensure the charts form a compatible atlas.

Uniqueness follows because any topology making the ¢, homeomorphisms must coincide
with our definition. O
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This lemma tells us that we don’t need to start with a topology on X; the topology is
induced by the charts.
It is instructive to compare this with another gluing construction:

Theorem 2.16 (Patching Smooth Structures). Let M be a topological manifold that can be
written as a union of subsets M =, Un. Suppose each Uy, is endowed with a smooth manifold
structure such that for every a, 3, the smooth structures induced on Uy, N Ug from U, and Ug
coincide. Then there exists a unique smooth structure on M that restricts to the given smooth
structure on each U,.

Proof. For each «, let A, be the maximal smooth atlas on U, defining its smooth structure.
Define an atlas on M by taking the union:

A=A

Then:
e A covers M since the U, cover M and each A, covers U,.

e Any two charts in A are compatible: if (V,¢) € A, and (W, 1)) € Ag, then the transition
map 1 0¢ ! is smooth because the smooth structures on U, NU, 3 from A, and Ag coincide.

The maximal atlas containing A gives the desired smooth structure on M. Uniqueness follows
since any such structure must contain all A,. O

2.3 Grassmann Manifolds

We now give a more substantial discussion of the Grassmann manifold G(k, n), the space of all
k-dimensional linear subspaces of R"™. We first construct it using the Manifold Construction
Lemma and then record several basic geometric properties that will be useful later.

2.3.1 Coordinate Charts

There is a natural identification between k-dimensional subspaces of R™ and equivalence classes
of full-rank n x k matrices, where two matrices are equivalent if their column spaces coincide.
More concretely, let

M ={X € Mat(n x k,R) : rank(X) =k }.

For X € M, we write
col(X) = {Xu ‘u € Rk} = span{ X1,..., Xz} C R,

where X7, ..., X} denote the columns of X. Thus col(X) is the k-dimensional subspace spanned
by the columns of X.
We declare X ~ Y if and only if col(X) = col(Y'). Then the quotient set M/ ~ is in
bijection with G(k,n) via
[X] — col(X).
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Under this identification, each k-dimensional subspace W C R™ is represented by any full-rank
matrix X whose columns form a basis of W.
For each k-element subset I C {1,...,n}, define

Ur = {W € G(k,n) : the projection 77 : W — R = R* is an isomorphism}.
Equivalently, if we represent W as the column space of an n x k£ matrix X of full rank, then
Ur = {[X] : det(X[) #* 0},

where X7 is the k x k submatrix of X with rows indexed by 1.
Define the chart map ¢; : Uy — Mat((n — k) x k,R) = RF(—F) by

¢1([X]) = Xre X[ ',

where 7€ is the complement of I. Note that if X ~ Y, then Y = XG for some invertible k£ x k
matrix G, so

YICYI_l == (X[cG)(X[G)il = XICX_l,
and hence ¢ is well defined on equivalence classes.

Remark 2.17. For fixed X, the map Xjc = XX ' is a linear isomorphism Mat((n — k) x
k,R) — Mat((n — k) x k,R). Thus ¢; sends open sets in U; to open sets in R¥("=F),

Proposition 2.18. The collection {(Ur, ¢1)} endows G(k,n) (equivalently, the quotient M/ ~)
with a natural structure of smooth manifold of dimension k(n — k).

Proof. We verify each condition of Manifold Construction Lemma:

Covering: For any k-dimensional subspace W, there exists some I such that the projection
77 W — R is an isomorphism. Thus the U cover G(k,n).

Openness: For any I,.J, the sets ¢;(U; N Uy) and ¢;(U; NUy) are open in RF=F)  ag
they are defined by the non-vanishing of certain determinants.

Smooth transitions: For [X] € Ur N Uy, the transition map is:

¢Jo¢11<A>=¢J<K{§)]>

To compute this, we find g € GL(k) such that:

I, (B
(4)e= ()

where B corresponds to rows J and C' to rows J¢. Then ¢;([X]) = CB~!. This is a rational
function in the entries of A, hence smooth.

Hausdorff separation: Let [X], [Y] € G(k,n) be distinct. Consider the matrix (X Y)
which has rank at least k + 1 since [X] # [Y].

By the lower semicontinuity of matrix rank, there exists € > 0 such that any matrix within
€ of (X Y) has rank at least k + 1.

Let Vx be the €/2-neighborhood of X in the space of n x k matrices of rank k, and V3 the
/2-neighborhood of Y. Choose & small enough so that Vx C Uy and V3 C Uy, where X € U;
and Y € Uj.
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Then [Vx] and [Vy] are the required open subsets with [X] € [Vx]| C Uy, [Y] € [Vy] C Uy,
[Vx] N [Vy] =0, and ¢r([Vx]), ¢.7([Vy]) are open in R,

Second countability: There are only (Z) charts, which is finite, so the atlas is countable.

O

Proposition 2.19. The Grassmann manifold G(k,n) is compact.

Proof. Consider the set of orthonormal k—frames in R”,
Vi(R™) == {(v1,..., %) € (RM*: (v;,v;) = &;; for all 4, j}.
Equivalently, writing vy, ..., v as the columns of an n x k£ matrix @, this is
Vi(R") = {Q e R™*: QTQ = I;}.

The conditions Q7'Q = I are given by polynomial equations in the entries of @, so Vj(R") is
a closed subset of R™. Moreover, each column of @ has length 1, so Vi(R™) is bounded. By
the Heine—Borel theorem, Vj(R™) is compact.

Define a map

m: Vi(R") = G(k,n), m(v1,...,v) :=span{vi, ..., v}

This map is continuous, and it is surjective because every k—dimensional subspace W C R"
admits an orthonormal basis obtained by applying the Gram—Schmidt process to any basis of
w.

Since Vi (R™) is compact and 7 is continuous, the image 7(V}(R™)) is compact. But 7 is
surjective, so (V3 (R")) = G(k,n). Hence G(k,n) is compact. O

We note that the quotient map
T M— M/~= G(k,n)

is a submersion. This follows from the existence of smooth local right inverses of 7.
Fix [X] € M/~, and choose the unique representative X € M whose upper k x k block is
the identity matrix:

X = (*Zj) . BeMat((n—k) x k,R).

Such a representative exists whenever [X| € Uy for some I of size k, simply by reordering rows
so that I ={1,...,k}.

Define a map

s: ¢r(Ur) C RFR) 4 M, s(B) = (%) .
By construction, wo s = qﬁ;l on ¢r(Ur). In particular, s is a smooth local right inverse of m:
mos=1id locally.

It now follows from the standard criterion for submersions that 7 is a submersion.
We now describe the subset of G(k,n) consisting of k—planes containing a fixed nonzero
vector v € R™ in terms of the matrix model M/ ~ introduced above.
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Lemma 2.20. Let v € R™ be a nonzero vector, and define
GF) = {W e Gk,n) :veW}
Then gﬁ’“ 1s precisely the image, under the quotient map
T M= M/ ~=G(k,n), X = [X],

of the subset of M consisting of matrices which, after a suitable choice of coordinates sending
v to e1, have the normalized block form

1 0
X—<O A>’ rank(A) =k — 1.

Proof. As before, let
M ={X € Mat(n x k,R) : rank X = k}

and declare X ~ Y if col(X) = col(Y). The quotient M/ ~ is identified with G(k,n) via

[X] — col(X).
Since our construction of G(k,n) is natural with respect to linear isomorphisms of R", we
may first reduce to the case v = e; = (1,0,...,0). Indeed, if T : R™ — R" is an invertible

linear map with 7'(e;) = v, then T induces a bijection on M (by left multiplication) which
respects the equivalence relation ~ and hence induces a bijection G(k,n) — G(k,n) carrying
é’f) onto Qq(,k). Thus it suffices to describe Qé’f).

Write R” = R @ R"!, where R" ! is spanned by es,...,e,. We are interested in k—
dimensional subspaces W C R” containing e;. Consider the subset S C M consisting of all
matrices of the block form Lo

(o 3)

where we have split the rows as 1 + (n — 1) and the columns as 1+ (k — 1), the zero blocks
have the appropriate sizes, and A € Mat((n — 1) x (k — 1), R) has rank k£ — 1. Equivalently, X

has the form
10 --- 0

X = c R"<F,

We claim that 7(S) = é’f)
Let S be the set of matrices in block form
1 0
X = <0 A) , rank(A) =k — 1.
If X € S, its first column is e; and its remaining columns lie in {0} © R"~!. Hence the

column space of X is a k—plane containing ey, so m(S) C ng),

Conversely, if W € Qélf), then e; € W. Since W has dimension k, we may extend e; to a
basis
{e1,ug,...,up} C W.
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Replacing u; by uj — (u;)1€1 if necessary, we may assume each u; has first coordinate 0. Writing
Uj = (O,wj), wj € Rnfl,
the matrix

1 0
XZ(O A>a A=lwy - wy],

has column space W, and A automatically has rank k¥ — 1. Thus X € § and 7(X) = W.

Therefore 7(S) = gé’f). For a general nonzero vector v, conjugate by a linear isomorphism
sending e; to v.
O

Lemma 2.21. Let v € R™ be a nonzero vector and define
GF = {W e Gk,n) :veW}

Then, after a linear change of coordinates sending v to ey, the following holds: for every
k—element subset I C {1,...,n} with 1 € I, the image

o716 NUT) € Mat((n — k) x k,R) = R¥"=H
1$ a linear subspace.

Proof. Since the Grassmann manifold construction is natural with respect to linear isomor-
phisms of R”, we may assume without loss of generality that v = e;.
Fix an index set I C {1,...,n} with |I| = k and 1 € I, and write I¢ for its complement.
Under the identification
R™ o RI @ RIC ~ ]Rk o Rn—k,

every k—plane W € U can be uniquely written as the graph of a linear map
A:RF 5 R™F W = {(z, Az) : x € RF}.

In the chart (Ur, ¢1) we have ¢(W) = A, viewed as an element of Mat((n — k) x k,R).
Because 1 € I, the vector e; lies in the "horizontal" component R 22 R*  so we can write

e1 = (z4,0), 7. € RE.

We may choose a basis of R’ so that z, = e; under the identification RY 22 R¥. In this basis, a
matrix A € Mat((n — k) x k,R) has columns

A:[al ag - ak], ajER”_k.
We now compute the condition e; € W:
e1 €W <= 3z eRF: (2,42) = (e1,0) <= z =¢; and Ae; =0.
In terms of the columns of A, this means

Ae; =a1 =0.
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Thus
W e Qélf) NUr = A = ¢r(W) satisfies a; = 0.
Equivalently,
<Z>1(Q£]f) NU;) = {A € Mat((n — k) x k,R) : the first column of A is zero},

which is a linear subspace of Mat((n — k) x k,R).
For a general nonzero vector v, apply a linear isomorphism sending e; to v. ]

Lemma 2.22. Let v € R™ be a nonzero vector and define
G = {W e G(k,n):ve W}
Then, after a linear change of coordinates sending v to ey, the following holds:
(i) For every k—element subset I C {1,...,n} with 1 € I, the image
¢1(GF) NUT) € Mat((n — k) x k,R) = RF=H
s a linear subspace.

(ii) The subset gé’f) is an embedded submanifold of G(k,n), naturally diffeomorphic to G(k —
1,mn—1).

Consequently, for any nonzero v, the subset gqﬁ’“) is an embedded submanifold diffeomorphic to

Gk—-1,n-1).

Proof. Since the Grassmann manifold construction is natural with respect to linear isomor-
phisms of R”, we may assume without loss of generality that v = e;.

Step 1: Local description as a linear subspace in coordinates. Fix an index set I C {1,...,n}
with [I| =k and 1 € I, and write I¢ for its complement. Under the identification

every k—plane W € U can be uniquely written as the graph of a linear map
A:RF 5 R W = {(z, Az) : x € R*}.

In the chart (Ur, ¢1) we have ¢(W) = A, viewed as an element of Mat((n — k) x k,R).
Because 1 € I, the vector e; lies in the “horizontal” component R! = R*, so we can write

e1 = (z4,0), 7. € RE.

We may choose a basis of R! so that z, = e; under the identification RY 22 R¥. In this basis, a
matrix A € Mat((n — k) x k,R) has columns

A:[al ay - ak], ajERnik.
We now compute the condition ey € W:

e1 €W = 3z eRF: (z,42) = (e1,0) <= z =¢; and Ae; =0.
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In terms of the columns of A, this means
Aei =a1 =0.
Thus
W e gélf) NUr = A = ¢r(W) satisfies a; = 0.
Equivalently,

¢1(Qéf) NUr) = {A € Mat((n — k) x k,R) : the first column of A is zero},

which is a linear subspace of Mat((n — k) x k,R). This proves (i), and shows that gélf) is locally
cut out by linear equations in each Grassmann chart, hence is an embedded submanifold.

Step 2: The induced charts coincide with those of G(k —1,n —1).
Fix I C {1,...,n} with |[I| =k and 1 € I, and write
I={1}ur, |I'l =k — 1.
On G(k,n) the chart ¢; identifies W € Uy with a matrix

A= (a1 a2 -+ ar) € Mat((n—k) x k,R).

By Step 1, the submanifold gé’f) is described inside U by the linear condition a; = 0, hence
its induced coordinate domain is

{A=[0 B]:BeMat((n—k)x (k—1),R)}.

Define . )
ér: G NU; — Mat((n—k) x (k—1),R),  ¢;(W):=B,

i.e. ¢r is obtained from ¢; by deleting the (zero) first column.
But the chart of G(k — 1,n — 1) on the index set I’ is defined by the same formula: for
UeGk—-1,n-1),
Yr(U) = B.

Therefore the induced chart (gé’f)mU,, ¢r1) coincides with the chart (Vir, ¢p) of G(k—1,n—1)
under the identification
W «— F(W):=WnR"L

Finally, for two charts I, J with 1 € I, J, the transition map
$yodr!

is obtained by restricting ¢ o gi);l to the hyperplane a; = 0, which is exactly the transition
map for G(k — 1,n — 1) written in the charts indexed by I’, J’. Hence the induced atlas is
identical to the Grassmann atlas of G(k —1,n — 1).

We conclude that

k )
G =Gk —1,n—1)
as smooth manifolds. Together with the initial linear change of coordinates, this yields
() G(k —1,n — 1) for every nonzero v. O
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More generally, we can consider k—planes containing a fixed subspace P C R".

Definition 2.23. Let P C R" be a linear subspace of dimension r with 1 <7 < k <n. We
define
gg“) ={WeG(k,n):PCW}.

We now show that Ql(f) is a Grassmann submanifold, and that the general case can be
reduced inductively to the case of containing a single vector.

Proposition 2.24. Let P C R" be a linear subspace of dimenston r with 1 < r < k. Then
Qgc) is an embedded submanifold of G(k,n), and there is a natural diffeomorphism

Qgc) ~Gk—rn—r).

In particular,

dimgl(gk) =(k—r)(n—k).

Proof. Step 1: Reduction to the standard position. Choose a linear isomorphism 7" : R — R"
such that
T(P) = span(ey,...,e).

Then T induces a diffeomorphism
T, : G(k,n) = G(k,n), W= T(W),

which carries gl(f) onto
k
Q](DO), Py := span(eq, ..., e;).

Thus it suffices to treat the case P = P.

Step 2: Inductive reduction to the vector case. Let
Py =span(ey,...,e)

and define
P; :=span(ey,...,¢€j), ggj) ={WeG(k,n): P;CW}.

Then we have the descending chain
G(k,n) D g;’? ) Q,QZ) D---D gg? = ng)).

By the previously established "vector case", the subset g}’? = gé’f) is an embedded
submanifold of G(k,n), and in every Grassmann chart (Ur, ¢7) with 1 € T its image is a linear
subspace defined by the vanishing of the first column of the coordinate matrix. In particular,
g}’? is diffeomorphic to G(k — 1,n — 1).

Now consider the next condition

P, = span(ey,ez) C W.
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Inside the submanifold Q](gl?, this condition again becomes a ltnear condition in the same
coordinate charts: after the first column has been set to zero, the requirement that eo € W
forces the second column of the local matrix to vanish. Thus

k k
g% c g

is obtained by imposing one more linear condition in each chart, and hence is again an embedded
submanifold. Moreover, the resulting coordinate space has dimension k — 2 columns and (n — 2)
rows, SO Q](DIZ) is diffeomorphic to G(k — 2,n — 2).

Iterating this process, each step imposes one additional condition e;41; € W, which in the
adapted Grassmann charts corresponds to setting the (j + 1)-st column of the matrix to zero.
Therefore each inclusion

g g

Pjy1
is an embedded submanifold obtained by a linear coordinate condition, and

Gp) = G(k —j,n—j).

After r steps we obtain

ggf)) =Gk—r,n—r),

which completes the reduction.

2.4 Smooth maps and diffeomorphisms

Let M™ and N™ be two differential manifolds. A map f : M — N is said to be a smooth map
if:

1. f is continuous.

2. f is "locally given by smooth functions", that is, there exists atlases A of M and B of N
such that if (U, ¢) € A and (V) € B, then setting W = U N f~1(V), the composite

—1
oW) L w Lv Loy
is smooth.

Remark 2.25. 1. We describe condition 2 by saying that f is "locally given by smooth
functions" since, in coordinates, composites of the form 9 o f o ~! may be written as
n-tuples of smooth function of m variables.

2. Condition 2 is independent of the choice of atlases A and B, as is seen by an argument
similar to the one showing that compatibility of atlases in an equivalence relation.

The following formal properties of smooth maps are easily verified:
1. The composition of smooth maps is a smooth map.

2. The identity map on a manifold is a smooth map.
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Definition 2.26. Let f: M — N be a smooth map. We say that f is a diffeomorphism if
there exists a smooth map g: N — M such that

gOfZIdM and fog:idN.
In this case, we say that M and N are diffeomorphic.

Remark 2.27. Bijective smooth maps is not necessary a diffeomorphism, as the example
f:R — R given by f(x) = 23 shows.

After defining differentiable manifolds and smooth maps between them, we can employ the
perspective of categories and functors to describe differential structures. While this abstract
language may seem simple and mundane, it will greatly simplify our subsequent discussions
on the relationship between immersions and differential structures. Moreover, the categorical
viewpoint is widely used in mathematical branches such as algebraic topology and algebraic
geometry, making familiarity with this language beneficial. Roughly speaking, the underlying
philosophy is that an object is uniquely determined by its relationships with other objects.

Theorem 2.28. Let M be a topological manifold, let A and B be full atlases on M, and let
M4 (resp. Mg) denote the smooth manifold whose underlying space is M that is determined
by A (resp. B). Then the following are equivalent:

1. My = Mg, that is, A= B.

2. The identity map idyr : Mg — Mpg is a diffeomorphism.

3. For all manifolds N, we have the equality C*°(M4, N) = C*°(Mpg, N).
4. For all manifolds N, we have the equality C*°(N, M 4) = C*°(N, Mpg).

Proof. Although this theorem can be viewed as a special case of the general categorical principle
that an object representing a functor is determined up to unique isomorphism, we provide a
concrete proof in this context.

The implications (1) = (2) and (2) < (3) < (4)are straightforward.

We now prove (2) = (1): We need to show that any chart (U, ¢) € A is compatible with
any chart (V,¢) € B. It U NV =), the compatibility is trivial. Assume U NV # () and take
any p € UNV. Since id); is a diffeomorphism, by definition there exist charts (U’,¢') € A
and (V' ¢') € B such that p € U' NV’ and the transition map

Vo ¢ vy = ¥ 0 idar 0 T iy 1 (U NV = (U N V)

is a diffeomorphism. Since (U, ¢) and (U’,¢’) belong to the same atlas A, and (V) and
(V' 4") belong to B, the transition maps

¢ o ¢_1\¢<Ume) cp(UNU) = ¢ (UNU)

and
VAV = (VN

—1
are diffeomorphisms. Therefore, their composition

yo <b_l‘qﬁ(Um/mU/m//) cpUNVAU'NV) - p(UnVNnU NV’

is a diffeomorphism. Since p was arbitrary, (U, ¢) and (V) are compatible. As A and B are
both maximal atlases, this implies A = B. O
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This theorem demonstrates that the smooth structure of a manifold is completely determined
by either:

e The collection of smooth maps from the manifold to arbitrary test manifolds, or
e The collection of smooth maps from arbitrary test manifolds to the manifold.

It has been (and still remains) a celebrated problem to compare the category of topological
manifolds with the category of smooth manifolds. Here are some historical landmarks:

e H. Whitney (1936): For k > 1, every C* structure is C* equivalent to a smooth structure.

e E. Moise (1952): For n < 4, every topological manifold carries a unique smooth structure
up to diffeomorphism.

e J. Milnor (1956): Exotic smooth structures exist. In particular, the topological manifold
S7 carries smooth structures that are not diffeomorphic to the standard one.

e M. Kervaire (1960): There exists a compact 10-dimensional topological manifold that
carries no smooth structure at all.

e M. Freedman / S. Donaldson (1982): R* carries exotic smooth structures.

Comment on spherical case: For spheres S™ with n # 4, the classification of smooth
structures is intimately related to the homotopy groups of spheres. In fact, the number of
distinct smooth structures on S™ for n # 4 is determined by a certain invariant connected to
these homotopy groups. Currently, this classification is known for dimensions up to about 90,
with the number of exotic spheres growing rapidly in higher dimensions. However, the case of
S4 remains one of the most famous open problems in differential topology-it is still unknown
whether S* admits any exotic smooth structures (the smooth Poincaré conjecture in dimension
4).

In this course, we will provide a complete classification of smooth structures on 1-dimensional
manifolds. While this result is relatively simple, it is by no means trivial and illustrates the
fundamental ideas of differential topology. If time permits, we will present two different
approaches to this classification: one using vector fields and their flows, and another using the
technique of handle straightening—both methods offering distinct geometric insights into the
structure of 1-manifolds.

The classification of 2-dimensional manifolds will be covered in subsequent courses on dif-
ferential topology, where more sophisticated tools like Morse theory and handle decompositions
are developed. As for the fascinating and complex world of 3-dimensional manifolds—including
the celebrated Poincaré conjecture proved by Perelman—this typically becomes the subject of
specialized research, requiring deep techniques from geometric analysis and low-dimensional
topology.

2.5 Cutoff Functions

All constructions in this section rely on the existence of smooth functions that are positive
on specified regions of a manifold and identically zero elsewhere. We begin by constructing a
fundamental smooth function on the real line that transitions from zero to positive.
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Lemma 2.29 (Smooth Transition Function). The function f : R — R defined by

et >0
t) =
% {O o

18 smooth.

Proof. We proceed by induction on n to show that for ¢t > 0,

where P, is a polynomial. The base case n = 0 holds trivially. Assuming the formula holds for
n, we differentiate to obtain:

FEED @) = [P (72) 4 Palt 2] eV = Py (7D

To prove smoothness at t = 0, we note that lim; ,o+ t=1fn) (t) = 0 for every n > 0. This
ensures that all derivatives of f exist and are continuous at t = 0, and in fact f((0) =0. O

Lemma 2.30 (One-Dimensional Cutoff Function). Given real numbers r1 < ra, there exists a
smooth function h : R — R such that:

e h(t)=1 fort<mr
e 0<h(t)<l forr <t<ry
o h(t)=0 fort>ry
Proof. Let f be the function from the previous lemma, and define

flra—1t)
flra—t) + f(t —r1)
The denominator is always positive since for any ¢ € R, at least one of ro —t >0o0ort —r; >0

holds. The function h inherits smoothness from f, and direct verification shows it satisfies all
the stated properties. O

h(t) =

A function with these properties is called a cutoff function.

Lemma 2.31 (Smooth Bump Function). Given positive real numbers r1 < ro, there exists a
smooth function H : R™ — R such that:

e H=1 on B(0,r)

e 0 < H(x) <1 forxe B(0,r)\ B(0,r1)
e H=0 onR™\ B(0,72)

Proof. Define H(z) = h(|z|), where h is the one-dimensional cutoff function from the previous
lemma with the same radii r; < 3. The function H is smooth on R™ \ {0} as a composition of
smooth functions. At the origin, H is identically 1 in a neighborhood, hence smooth there as
well. O
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2.6 Partitions of unity

It is often convenient to express smooth functions as sums of locally supported functions. This
leads us to the concept of a partition of unity, whose existence fundamentally relies on the
assumptions that M is second-countable and Hausdorff. Recall that the support supp(n) C M
of a continuous function 7 : M — R is defined as the closure of the open subset {x : n(z) # 0}.

Definition 2.32. Let W = {W,};c; be an open cover of M. A partition of unity subordinate
to W is a collection of smooth functions 7; : M — [0, 1] satisfying:

1. supp(n;) C W; for each i € I,

2. The family {supp(n;) : i € I} is locally finite, meaning every point p € M has a
neighborhood intersecting only finitely many supp(7;),

3. > iermi(p) =1forall pe M.

Theorem 2.33 (Existence of Partitions of Unity). Every open cover W = {W;}ier of M
admits a subordinate partition of unity.

We now prove the existence of partitions of unity. We begin by recalling the existence of
an exhaustion by compact sets.

Proposition 2.34 (Exhaustion by Compact Sets). Every topological manifold M admits an
exhaustion by compact sets, i.e., there exists a sequence {K,}>2 of compact subsets such that:

1. K, Cint(Kp41) foralln > 1,
2. U, Ky = M.

Recall also that if I/ is an open cover of M, an open cover V is called a refinement of
U if every V € V is contained in some U € U. The previous proposition implies that M
is paracompact, meaning that every open cover admits a locally finite refinement. We first
establish a slightly weaker form of Theorem 2.33.

Proposition 2.35. FEvery open cover W = {W,;}tier of M has a refinement that admits a
subordinate partition of unity.

Proof. Let K7 C int(K2) C Ko C int(K3) C --- be an exhaustion of M by compact sets as
established previously, and let W = {W, };c; be an open cover. For any point p € M, there
exists a unique n such that p € K,,\ K,,—1 (where we take Ky = 00). Then int(K,4+1)\ K,—1 is an
open neighborhood of p. We choose a chart (Uy, ¢) around p such that ¢, (Uy) = B(z,7) C R”
and

U, CW;N (int(Kn+1) \Kn—l)

for some i € I.

Varying p over M (and thus over all n > 1), the collection of open sets ¢, (B(z,7/3))
covers M. In particular, for each n, the compact set K, \ int(K,,_1) is covered by finitely many
such sets, say ¢ (B(2,r1/3)) for 1 <i < j,. Taking the union over n of these finite families,
we obtain a countable open cover of M, since

U (B \int(Kp-1)) O | (Kn \ Kno1) = M.

n>1 n>1
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By construction, each ¢_a (B(zF,r"/3)) is contained in some W}, so this cover is a refinement
of W. '

We now verify local finiteness. Let p € M. Then p lies in some K, \ K,_1, and hence
in the open set int(Ky11) \ Kn—1. By construction, p is contained in one of the sets Uap =
gb;;(B(zi", 7)), which is contained in int(/Kp 1)\ Kp—1. Note that if Uar intersects Uqm, then
we must have

(int (Kpt1) \ Kn-1) 0 (int(Kpg1) \ Km-1) # 0,

which implies that m can only be n — 1, n, or n + 1. Therefore, each U,» can intersect only
finitely many Ua;_n (specifically, at most jn,—1 + Jn + jnt1 of them). This establishes local
finiteness, proving that M is paracompact.

Claim 2.36. For each i and n, there ezists a smooth function p' : B(2!',r") — [0,1] that

(2 1
vanishes outside B(zl',r]'/2) and is identically 1 on B(z]',r"/3).

This follows directly from the existence of smooth bump functions (Lemma 2.31) by
appropriate scaling and translation.
We now define smooth functions 7" : M — [0, 1] by

%

() = [P @) P € 6B )),
P 0 otherwise.

Since the collection {¢_ (B(z,r7/3))} covers M and the collection {¢_ 1 (B(2F, "))} is locally
finite, the sum ' '

p Y ii(p)
i,n

is locally a finite sum of non-zero terms and hence defines a smooth function M — R<g. We
then define

;' ()
nip) = ="
’ >in it (p)
This yields the desired partition of unity subordinate to the refinement {Ua?} of W. O

Proof of Theorem 2.33. By the previous proposition we can find a refinement W = {W]’ Yies
of W = {W,}ier and partition of unity {n} : M — [0, 1]} subordinate to it.
For j € J, fix a W; such that WJ’ C W;. This gives a function A : J — I. We claim that

= > ]
JEATH()

gives the desired partition of unity. This is a locally finite sum and hence a smooth function
and the sum of n; is 1 everywhere. Also since that supp(ng-) C VV]’ and hence is also contained
in W;. Now observe that

Supp(ﬁz‘) - 77@'_1((07 1]) = U (77;'>_1((0’ 1])

JEATI(E)

In general, the closure of the union of subsets is larger than the union of closures of these
subset. But Note that the latter is a closure of a locally finite union of open subsets. The local
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finiteness ensures that this is the union of the closures, by directly verify the definition. So we
conclude that

supp(n;) = | J  supp(n}) € Wi,
JEANTL(9)

2.7 Applications of Partitions of Unity

Proposition 2.37 (Smooth Urysohn Lemma). Let M be a smooth manifold, and let A, B C M
be disjoint closed subsets. Then there exists a smooth function X\ : M — [0,1] such that A\|a =0
and N p = 1.

Proof. Consider the open cover of M given by Uy = M \ A and Us = M \ B. Let {n1,n2} be a
smooth partition of unity subordinate to this cover. Since supp(n;) C U;, we have n1]4 = 0.
Similarly, as supp(n2) C Uz, we have n2|p = 0. Now define A = ;. Then A\|4 =0, and on B
we have A = n; =1 — 12 = 1, which completes the proof. 0

The Smooth Urysohn Lemma has an equivalent formulation that is often more convenient
for applications:

Proposition 2.38 (Smooth Bump Function). Let M be a smooth manifold, A C M a closed
subset, and U C M an open subset containing A. Then there exists a smooth function
Y M —[0,1] such that:

° IMA =1
e supp(y) C U

Proof. Apply the Smooth Urysohn Lemma to the disjoint closed sets A and M \ U. This yields
a smooth function A : M — [0,1] with A[4 = 0 and A[ypny = 1. Define ¢y = 1 — X. Then
¥|a =1, and since A =1 on M \ U, we have ¢y =0 on M \ U, hence supp(y)) C U. O

Remark 2.39. These two propositions are equivalent: each can be derived from the other.
The Smooth Bump Function version is particularly useful for constructing local extensions and
cutoff functions, while the original Urysohn formulation provides a clear separation property
for disjoint closed sets.

Our second application concerns the extension of smooth functions from closed subsets.
Let M and N be smooth manifolds, and A C M an arbitrary subset. We say that a map
F: A— N is smooth on A if for every point p € A, there exists an open neighborhood W C M
containing p and a smooth map F:W — N that agrees with F' on W N A.

Lemma 2.40 (Extension Lemma for Smooth Functions). Let M be a smooth manifold, A C M
a closed subset, and f : A — R’ia smooth function. For any open subset U C M containing A,
there exists a smooth function f : M — R* such that:

o fla=1f
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e supp(f) CU

Proof. For each point p € A, choose a neighborhood W, C U and a smooth function fp W, —
R* that agrees with f on W, N A. The collection {W,, : p € A} U{M \ A} forms an open cover
of M. Let {n, : p€ A} U{no} be a smooth partition of unity subordinate to this cover, with
supp(1p) C W), and supp(no) C M \ A.

Define the global function f : M — R* by

F@) = () fol@).

peEA

This sum is well-defined since the partition of unity is locally finite. The function f is smooth,
agrees with f on A, and has support contained in U. O

Remark 2.41. The classical Whitney Extension Theorem provides a more refined result, requir-
ing only compatibility conditions on the partial derivatives rather than assuming smoothness
in the sense defined above.

For example, consider a function defined on the union of linear subspaces of Euclidean space
in general position. If the restriction of the function to each subspace is smooth, the Whitney
Extension Theorem guarantees the existence of a smooth extension to the whole Euclidean
space. This situation frequently arises in geometry or analysis and cannot be handled by the
Extension Lemma above, which requires the function to already have local smooth extensions
near every point of the closed set.

Next, we use partitions of unity to construct a special type of smooth function. If M is
a topological space, an exhaustion function for M is a continuous function f : M — R such
that for every ¢ € R, the sublevel set f~1((—o0,c]) is compact. The terminology arises from
the fact that as n ranges over the positive integers, the sublevel sets f~!((—oco,n]) form an
exhaustion of M by compact sets.

Proposition 2.42 (Existence of Smooth Exhaustion Functions). Every smooth manifold
admits a smooth positive exhaustion function.

Proof. Let {V;}32, be a countable open cover of M by precompact open subsets, and let {n;}
be a smooth partition of unity subordinate to this cover. Define f € C*°(M) by

fp) =Y jn;(p)-
j=1

To verify that f is an exhaustion function, fix ¢ € R and choose a positive integer N > c. If
p ¢ UL, V;, then ;(p) =0 for 1 < j < N, and thus

foy= > )= > Nnip)=N > n;(p).
J=N+1 j=N+1 j=N+1

Since {n;} is a partition of unity and 7;(p) = 0 for j < N, we have 3°7° | 1;(p) = 1, which
implies f(p) > N > c¢. Equivalently, if f(p) < ¢, then p € U;V:1 V. Therefore, f=((—o0,c]) is

a closed subset of the compact set U;V:1 V; and is consequently compact. 0
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As a final application of partitions of unity, we show that every closed subset of a smooth
manifold can be realized as the zero set of a smooth function.

Theorem 2.43 (Closed Sets as Zero Sets of Smooth Functions). Let M be a smooth manifold.
For any closed subset K C M, there exists a smooth nonnegative function f: M — R such that
F710) = K.

Proof. Since M is a smooth manifold, it is paracompact. Consider the open set U = M \ K.
We construct a locally finite open cover {V;};ecs of U such that each V; is precompact and
V;cU.

For each j € J, we construct a smooth nonnegative function ¢; : M — R with the following
properties:

0¢j>00an

e supp(y;) CU

Such functions can be constructed using bump functions supported in coordinate charts.

Now, let {n;};es be a smooth partition of unity subordinate to the cover {V;};cs. Define
the function f: M — R by

F0) =>_nj()v;(p).
JjeJ

We verify that f has the desired properties:

If pe K, then p ¢ U and thus p ¢ supp(n;) for all j, so f(p) = 0. Conversely, if p ¢ K,
then p € U and there exists some j with n;(p) > 0 and v;(p) > 0, so f(p) > 0. Therefore,
f7H0) =K.

O

2.8 Density of Smooth Functions

We now establish a fundamental approximation theorem: smooth functions are dense in the
space of continuous functions on manifolds with respect to uniform convergence. This result
underpins many constructions in geometric analysis, allowing us to approximate continuous
geometric structures by smooth ones.

2.8.1 Convolution in Euclidean Space

The key tool for our approximation is convolution, which provides a method to smooth out
functions while preserving their essential features.

Definition 2.44 (Convolution). Let f, g : R™ — R be measurable functions. The convolution
of f and g is defined as

(f xg)(x) = A f(y)g(z —y)dy,
whenever this integral exists.

Convolution provides a powerful smoothing technique when we take g to be a bump function.
This construction exemplifies the utility of the bump functions we developed earlier.
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Theorem 2.45 (Convolution Approximation in R™). Let f : R™ — R be a continuous function
with compact support. For any € > 0, there exists a smooth function g : R™ — R with compact
support such that:

sup |f(z) —g(z)| <e.
zeR?

Moreover, if f is supported in a compact set K, then g can be chosen with support contained in
any given open neighborhood of K.

Proof. Let p : R™ — R be a smooth bump function with p > 0, supp(p) € B(0,1), and
Jgn p(x)dz = 1. For § > 0, define the mollifier ps(x) = 0~ "p(z/d) and consider the convolution

file) = (=) = [ Fnste = ).

This function is smooth (by differentiation under the integral sign) and has support contained
in the d-neighborhood of supp(f).

The key observation is that convolution averages the values of f near each point. Since f
is uniformly continuous (by compact support), for any € > 0 we can choose § > 0 such that
|f(z) — f(y)| < € whenever |z — y| < 4. Then

f(z) = fs(z)| =

[ 1@ = swinsta = )| < [ 176 = Flosto - a <

R”

establishing uniform convergence. O

2.8.2 Global Approximation on Manifolds

We now extend this result to smooth manifolds using partitions of unity. The strategy is to
work locally in coordinate charts and then glue the approximations together.

Theorem 2.46 (Global Uniform Approximation on Manifolds). Let M be a smooth manifold
and f: M — R a continuous function. For any e > 0, there exists a smooth function g : M — R
such that:

sup | f(z) —g(z)| <e.
xeM

That is, C>°(M) is dense in C°(M) with respect to uniform convergence.

Proof. Since M is a smooth manifold, it is paracompact and second countable. Let {U;}°; be
a locally finite open cover of M by precompact coordinate charts, with each ¢; : U; — R" a
diffeomorphism onto its image. Let {n;}3°; be a smooth partition of unity subordinate to this
cover, with supp(n;) C U;.

The precompactness condition ensures that each U; is compact, which will be crucial for
our local approximations.

For each i, define f; = n; f. This function is continuous and supported in U;. Consider the
pushforward f; = f; o d)i_l defined on ¢;(U;) C R™. Since U; is precompact, f; has compact
support in ¢;(U;).

By the Euclidean approximation theorem, there exists a smooth function g; : ¢;(U;) - R
with compact support such that

sup[fi(y) = iv)| < 5
y€Pi (Us)
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Define g; : U; — R by g; = g; 0 ¢;, and extend it to all of M by setting it to zero outside Uj;.
Now define the global approximation by

g(z) = gi(x).
=1

This sum is well-defined and smooth because the cover is locally finite—each point has a
neighborhood intersecting only finitely many U;, so the sum reduces to a finite sum locally.
For the error estimate, observe that for any = € M:

@) = g@) = | S m@) @) -3 g(@)
=1 =1

< Z [ni(2) f(2) = gi(2)].

Note that . .
[mi(2) f(2) = gi(@)] = | fi(¢i(2)) = gi(9i(x))] < 5;-
Therefore,
@) = g@) < 5 =e.
i=1
which holds uniformly on M. O

Remark 2.47. Even in the familiar setting of Euclidean space R", convolution alone is
insufficient for global uniform approximation on non-compact domains. While convolution
provides excellent local approximations, the partition of unity technique remains essential for
gluing these into a global approximation with uniform control.

Indeed, convolution is not strictly necessary for this density theorem. An elementary
alternative exists: take a locally finite open cover {U;} of supp(f) with each U; sufficiently
small, and construct

o(@) = 3 Flarm(a)

using a subordinate partition of unity {7;} and points x; € U;. This yields uniform approxima-
tion sup | f(z) — g(z)| < e.

However, convolution provides a more robust approach. Crucially, when f is C*, the
convolution approximation f5 = f % ps converges to f in the C* topology.

2.9 Uniqueness of the smooth structure on R in dimension one

We end this chapter with a useful one-dimensional rigidity statement: although one can
write down many atlases on the underlying topological space R, every smooth structure on a
one-dimensional manifold homeomorphic to R is in fact diffeomorphic to the standard one.

The proof proceeds by a local straightening argument on intervals, followed by a global
patching construction.
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Lemma 2.48 (Subdivision lemma for open covers of R). Let U be an open cover of R. Then
there exists a strictly increasing sequence {t;}jez with t; — oo as j — +oo such that for
every j € 7 there is some U € U with

[tj7tj+2] cu.

Proof. For each integer i, let I; = [i,47 + 2]. Since I; is compact, the restricted cover U|;, has a
Lebesgue number §; > 0. Choose an integer n; > 1 such that 1/n; < §;, and set N; = 2n;.
Now subdivide [,4 + 1] into the points

—, k=0,1,..., N;.
N; ’
Let {t;}jcz be the union of all these subdivision points, arranged in increasing order.
Take any consecutive triple t; < tj41 < t;j4o, and choose i € Z such that t; € [i,i + 1].
Then

2 , r .
t]+2§tj+ﬁlgl+1+a<l+2,

so [tj,tj4+2] C I;. Moreover,

. 2 1
dlam[tj,tj+2] < ﬁl = 7’7, < ;.
Hence [t},tj42] lies in some member of the cover U. O

Proposition 2.49 (Straightening a 0-handle in one dimension). Let a < b < ¢ be real numbers,
let U C R be an open neighborhood of [a,c|, and let f : U — R be a continuous injection.
Then there exists a continuous injection g : U — R and an open interval J containing b with
J C (a,c) such that

(i) g=f onU\J,
(ii) g is a diffeomorphism on J.

Proof. Since f is a continuous injection on an interval, it is strictly monotone. Replacing f by
— f if necessary, we may assume that f is strictly increasing.

Choose numbers a < a < b < 8 < ¢ with [o, 8] C U, and set J = («, 3). Let A = f(a) and
B = f(B). Since f is strictly increasing, we have A < B.

Choose any orientation-preserving diffeomorphism

A (o, 8) = (A, B)

that extends continuously to [«, 8] with A(a) = A and A\(B) = B. For instance, one may compose
the affine homeomorphism (a, 8) — (0,1) with a fixed smooth increasing diffeomorphism
(0,1) — (0,1) whose continuous extension to [0, 1] fixes the endpoints, and then compose with
the affine map (0,1) — (A4, B).
Define
o(z) = {f(x), zeU\J,
ANz), zeld
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Because A matches f at the endpoints of J, the map g is continuous. It is strictly increasing
on each of the intervals (—oo, o], [a, 8], and [, 00), and these pieces fit together monotonically
because

gl@) = fla) =4,  AXJ)=(4,B),  ¢(B)=[f(B) =B

Hence g is strictly increasing on U, and therefore injective. By construction, g = f on U \ J,
while g|; = A is a diffeomorphism. O

Proposition 2.50 (Straightening a 1-handle in one dimension). Let a < b < ¢ be real numbers,
let U C R be an open neighborhood of [a,c], and let f : U — R be a continuous injection.
Assume that there exist open neighborhoods U, of a and U, of ¢ such that f is a diffeomorphism
on Uy and on U.. Then there exists a smooth injection g : U — R and neighborhoods V, C U,
of a and V., C U, of ¢ such that

(7’) g:f on VaU‘/C7
(i) g is a diffeomorphism on a neighborhood of [a, c].

Proof. Since f is a continuous injection on an interval, it is strictly monotone. Replacing f by
— f if necessary, we may assume that f is strictly increasing.

Choose relatively compact open intervals V, € U, and V. € U, containing a and ¢, with
disjoint closures. Since f is smooth with positive derivative on neighborhoods of V, and V,
there exists mg > 0 such that

f'(z) > mo forall z € V, UV..
Let
K =Ja,c]\ (Vo UV,),

and choose an open set U with K ¢ U € U such that {V, V¢, U} covers [a, d].
Let f. = f * pc be a mollification of f on U. For sufficiently small € > 0, the function f; is
smooth and strictly increasing on U, and in addition

fllw)= 22 on VUV,

while
sup | fe — fI <¢
U
for a parameter ¢ > 0 to be chosen later. Define

h(z) = fe(z) + 0w,

where § > 0 is small. Then & is smooth on U and

h'(z) > 6 on U,

while on V, UV, we have
h'(z) >

mo
— 4.
5 +
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Let {n4,nc, 1} be a smooth partition of unity subordinate to {Vj, V., ﬁ}, and define

9(x) = na(z) f(2) + ne(x) f(x) + n(x)h(2).

Then g is smooth on a neighborhood of [a, ], and g = f on V, UV, because there 17 = 0.
It remains to show that ¢’ > 0 near [a,c|]. On the set where n, = 1 or 7. = 1, we have
g=f,s0¢g >mg. On the set where 77 = 1, we have g = h, so ¢’ > §. On the overlap region,

9'(x) = (a4 ne) f'(x) + 70" (@) + 16, (f = h) + ne(f = h).

The first two terms are bounded below by

my ::min{mo,%—l—(S}:%—i—(s.

Let
R= sup |z, My = sup(|n,| + ncl).
supp(n;,)Usupp(n;)

Since h — f = (f: — f) + dx, we obtain

11 (f —R) +n.(f —h)| < Mi( + 6R).

Choose § > 0 such that § < mgy/4 and M;6R < mg/8, and then choose ¢ > 0 such that
M;¢ < mp/8. Then

so ¢'(z) > m1/2 > 0 on the overlap region as well.

Thus g’ > 0 on a neighborhood of [a, ¢], and therefore g is a diffeomorphism on some open
neighborhood of [a, ¢|. Since g is strictly increasing near [a, c] and agrees with the injective
map f near the two ends, after shrinking U if necessary we may view ¢ as a smooth injection
onU. O

Theorem 2.51 (Uniqueness of the smooth structure on R in dimension one). Let M be a
one-dimensional smooth manifold that is homeomorphic to R. Then M 1is diffeomorphic to R
with its standard smooth structure.

Proof. Choose a homeomorphism
f:R— M.

Let {(Uq, ¢a)} be a smooth atlas on M. Applying the subdivision lemma to the open cover
{f~Y(Ua)} of R, we obtain a strictly increasing sequence {t;};cz such that for every j there
exists a(j) with
[tj,tj+2) C 7 (Uags)-
Equivalently,
F([tj,tjra]) C Uqgjy-
We now modify f in two stages.

Step 1: local smoothing near the odd subdivision points. For each k € Z, the map

Jok = Pa(ar) © f
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is a continuous injection on a neighborhood of [tok, tor12]. Applying Proposition 2.49 to for on
the interval [tog, tor12], we may modify for inside (o, tax+2) to obtain a continuous injection
which is smooth and locally a diffeomorphism near to, 1, while agreeing with fo; near the
two endpoints. Pulling back via <p;(12k) and performing this construction for all k£, we obtain a
global homeomorphism

g R—->M

that is a diffeomorphism on a neighborhood of each odd subdivision point to 1.

Step 2: smoothing the connecting intervals. For each k € Z, consider the interval [tog_1, togt1]-
The map

92k—1 = Pa(2k—1) ° g

is a continuous injection on a neighborhood of this interval, and by construction it is already a
diffeomorphism near the two endpoints tor_1 and tor11. Applying Proposition 2.50 to each
such interval, and gluing the resulting modifications, we obtain a homeomorphism

h:R— M

that is smooth and locally a diffeomorphism on a neighborhood of every point of R.

Since the neighborhoods arising from the intervals [tor_1, tor11] cover R, the map h is a
smooth bijection whose local coordinate expressions have nonvanishing derivative everywhere.
Hence h is a local diffeomorphism. A bijective local diffeomorphism has smooth inverse, so h is
a global diffeomorphism. O

Remark 2.52. The argument shows that in dimension one the only smooth structure on the
underlying topological manifold R is the standard one, up to diffeomorphism. The key point is
that every topological coordinate change can be smoothed on overlapping intervals without
changing it near the overlap endpoints.



Chapter 3

Tangent Spaces and the Tangent
Bundle

We now pass from the global theory of smooth manifolds to their infinitesimal geometry. The
basic object at a point p € M is the tangent space T),M, whose elements encode first-order
directional information. We begin with the definition by derivations, explain its local nature
and coordinate description, compare it with the geometric definition by curves, and finally
assemble all tangent spaces into the tangent bundle.

3.1 Tangent vectors as derivations

The Euclidean model suggests the right definition. If @ € R™ and p € R", then the directional
derivative

Dof(p) =Vf(p)-a

is a linear operator on smooth functions, and it satisfies the Leibniz rule

Do (f9)(p) = f(p)Dag(p) + 9(p)Daf (p).

On a manifold we take this property as the definition.
Definition 3.1. Let M be a smooth manifold and p € M. A derivation at p is a linear map
v:C®(M)—R

such that
v(fg) = f(p)v(g) +g(p)v(f)  forall f,g € C=(M).

The set of all derivations at p is called the tangent space of M at p and is denoted by T, M.
Its elements are called tangent vectors.

Lemma 3.2. Let v € T,M and f,g € C°(M).

1. If f is constant, then v(f) = 0.

2. If f(p) = g(p) = 0, then v(fg) = 0.

45
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Proof. For (1), applying the Leibniz rule to the constant function 1 gives
v(l) =wv(l-1) =2v(1),

so v(1) = 0. Hence v(c) = cv(1) = 0 for every constant ¢ € R.
For (2), the Leibniz rule gives

v(fg) = f(p)v(g) + g(p)v(f) = 0.
0

Example 3.3 (The tangent space of R™). Fix p € R™. For each a = (al,...,a") € R", define

D) =Y a0l ).

Then D, € T,R".
Conversely, let X € T,R"™. Set

where !

write

,...,x" are the standard coordinate functions on R". For any f € C*°(R") we may

f(x) = fp)+ ) (a" = p')gi(x)
=1

for smooth functions g; with g;(p) = gg{i (p). Since X kills constants and X ((z'—p*)(z7—p’)) = 0
by Theorem 3.2, it follows that

X(5) = Y X @) = a oL ) = Du().
=1

=1

Thus the map a — D, is an isomorphism R"™ = T, R™. In particular, the standard basis vectors
correspond to the coordinate derivations

0
ozt

Definition 3.4. Let F : M — N be a smooth map and let p € M. The differential of F at p
is the map

e; <

p

de : TpM — TF(p)N

defined by
dF,(v)(f) =v(foF) for ve T,M, f e C™(N).

The map dF),(v) is again a derivation: for f,g € C*°(N),

dF,(v)(fg) =v((fg)o F) =v((fo F)(go F))
f(E(P)v(go F) +g(F(p)v(foF)
f(F(p))dE,(v)(g) + g(F(p))dE,(v)(f).
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Proposition 3.5 (Basic properties of the differential). Let F': M — N and G : N — P be
smooth maps, and let p € M.

1. The map dFy : TyM — Tp) N s linear.

2. d(Go F)p=dGpg odF,.

3. d(idar)p = idr,n

4. If F'is a diffeomorphism, then dF), is an isomorphism and

(dFy) ™" = d(F™") pgy).-

Proof. Linearity is immediate from the definition. For the chain rule, if v € T,M and
f € C>®(P), then

d(G o F)p(v)(f) = v(f o Go F) = dFp(v)(f o G) = dGp ) (dFy(v))(f)-
The identity statement is immediate, and (4) follows by applying (2) and (3) to the identities

Flo F =idy, FoF !'=idy.

3.2 The local nature of tangent vectors

Tangent vectors are first-order objects, so they should depend only on the germ of a function
at the base point.

Proposition 3.6 (Locality). If f,g € C*°(M) agree on a neighborhood of p € M, then

for every v € T,M.

Proof. Let h = f — g, so h vanishes on some neighborhood U of p. Choose a bump function
n € C*°(M) such that n(p) =1 and supp(n) C U. Then nh = 0, hence

0 = v(nh) = n(p)v(h) + h(p)v(n) = v(h).
Thus v(f) = v(g). O

A first consequence is that tangent spaces do not change when we restrict to an open
neighborhood.

Theorem 3.7. Let U C M be open and let p € U. Then the inclusion map v : U — M induces
a natural isomorphism

duy - T,U = T,M.
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Proof. Define ® : T,U — T,,M by

O()(f) =v(flv),  feC™(M).

This is clearly a derivation, hence ®(v) € T,,M.
If ®(v) =0 and g € C*°(U), choose a smooth extension g € C>°(M) that agrees with g
near p. Then, by locality,

v(g) = v(glv) = ®(v)(9) =0,

so v = 0. Thus @ is injective.
Conversely, if w € T,M and g € C*°(U), choose a smooth extension g € C*°(M) near p
and define

v(g) = w(g).
By Theorem 3.6, this does not depend on the chosen extension. One checks immediately that
v € T,U and that ®(v) = w. Therefore ® is an isomorphism, and it is precisely du,,. O

Remark 3.8. Since T;R" = R" for each ¢ € R" by Theorem 3.3, Theorem 3.7 implies that
if M is an n-dimensional manifold, then every tangent space T, M is an n-dimensional real
vector space.

In practice, once U C M is open we usually identify T,,U with T, M through this theorem
without further comment.

3.3 Coordinates on the tangent space

Let (U, ) be a chart around p € M, where
o= (z,...,2"): U = o(U) C R™.
Using Theorem 3.7, we identify T,U with T,,M and regard
dep : TyM — Ty, R”
as an isomorphism.

Definition 3.9. The coordinate vectors associated with the chart (U, ) are defined by

0 1o}
| = (dygp) 7t : i=1,...,n.
81131 » ( ‘pp) <a$z <p(p))’ ? 9 , 1

Equivalently, for every f € C*°(M),

0 fop™)
] = 2L )
Proposition 3.10. For every chart (U, = (z',...,2™)) around p, the vectors
9 i‘
8.1‘11),.”,(9.%'”])

form a basis of T,M. Moreover, every v € T,M has the unique expression

v= Zv(wl)axi

i=1

p
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Proof. The first statement follows because dy,, is an isomorphism and the standard coordinate

vectors form a basis of Ti,,)R". For the expansion formula, write dip(v) = Y-, a’ 821' o(0) and

apply (dcpp)_l. The coefficients are determined by testing against the coordinate functions, so
necessarily a’ = v(z?). O

Proposition 3.11 (Change of coordinates). Let (U,x',...,2") and (V,y',...,y") be two
coordinate charts with p € UNV. Then

P LI
yi _;ayj(p)axi

P

Equivalently, if

then the components satisfy

Proof. For any f € C°°(M), the chain rule gives

0 _0(foyh
Byl p(f) = T(Wp))
- " Oz’ 3(fo<€71)

= — By (p)T(SO(p))-
This is exactly the claimed basis-change formula. The transformation rule for components
follows by equating the two expansions of v and comparing coefficients. O

Remark 3.12. The basis vectors transform by the inverse Jacobian matrix, whereas the
components of a tangent vector transform by the Jacobian matrix. This is why tangent vectors
are often called contravariant objects.

3.4 Tangent vectors as velocities of curves

There is a second, more geometric, description of tangent vectors: they are velocities of curves
through the point.

Definition 3.13. Let p € M. Consider smooth curves 7 : (—¢,e) — M with v(0) = p. We say
that two such curves ; and -, are equivalent if, for one (and hence every) chart (U, ¢) around
b,

(9 27)'(0) = (¢ 072)'(0).

The set of equivalence classes is denoted by TV M.
Remark 3.14. The chart-independence follows from the ordinary chain rule in Euclidean

space. Moreover, using coordinates one may transport addition and scalar multiplication from
R™ to T;"™* M, making it into a vector space.
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Theorem 3.15 (Equivalence of the two definitions). For every p € M, there is a natural
isomorphism
;"M = T, M.

Proof. Given a curve class [y] € T;""V°M, define

() = (foy)(0),  feC™(M)

This is well defined and satisfies the Leibniz rule, so ®([v]) € T,M.
Conversely, let v € T,M. Choose a chart (U, = (z!,...,2")) with ¢(p) = 0, and write

v = Zv(xl)axi

=1

)
Define a curve by
W(t) = "Lt v(@d), .., tu(a™))

for |¢| sufficiently small. Then v, (0) = p, and its coordinate velocity is precisely (v(x!), ..., v(z")).
Hence ¥(v) := [v,] defines a map ¥ : T, M — T M.

To check that ® and ¥ are inverse, first note that for v € T, M and any coordinate function
!,

®(U(v))(2') = (2" 0 7)'(0) = v(a).

By Theorem 3.10, this implies ®(¥(v)) = v. Conversely, if [y] € T;""V*M, then the coordinate
velocity of v equals the coordinate velocity of the curve constructed from the derivation ®([v]),

so U(2([v])) = []. O

3.5 The tangent bundle

The tangent spaces of a manifold fit together into a new manifold.

Definition 3.16. The tangent bundle of a smooth manifold M is the disjoint union

T™M = | | T,M = {(p,v) :p€ M, v € T,M}.

pEM
The natural projection
m:TM— M
is given by m(p,v) = p.
If (U,x!,...,2") is a coordinate chart on M, every vector v € T, M can be written uniquely

as

p

= 0
_ i
v = E Vo
=1
This gives coordinates on 7~1(U) by

e(p,v) = (z'(p),..., 2" (p),v', ..., 0") € R*™.
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Theorem 3.17. Let M be a smooth n-manifold. The above charts endow T M with a natural
structure of a smooth 2n-dimensional manifold.

Proof. Each map ¢ is a bijection from 7=(U) onto the open set o(U) x R® C R?". On an
overlap of two coordinate charts (U, z) and (V,y), the induced transition map is

(:L‘l,...,ac",vl,...,vn) — (yl(x), oy (),
oxJ
1

- oxJ

(l’)Uj).

(l‘)l}j,...,-

J]=

1=

By smoothness of the coordinate transition map and its Jacobian entries, this transition map
is smooth. Therefore these charts define a smooth atlas on T M. O

Remark 3.18. The tangent bundle is more than just a manifold: each fiber 7T,,M is a vector
space, and in local coordinates the transition maps are linear in the fiber variables. This is the
prototype of a wvector bundle, a notion that will be developed systematically later.



Chapter 4

Submanifolds and Transversality

We now turn from tangent spaces to the local structure of smooth maps. The inverse function
theorem gives the basic local normal form for maps with invertible differential. From it one
obtains the local models for immersions and submersions, the theory of submanifolds, and the
basic transversality constructions. The chapter culminates in the Whitney embedding theorem,
tubular neighborhoods, Whitney approximation, and the homotopical form of transversality.

4.1 Parameterized Contraction Principle and the Inverse Func-
tion Theorem

Theorem 4.1 (Parameterized Contraction Mapping Principle). Let X be a complete metric
space and Y a metric space. Let ® : X xY — X be a continuous map such that for some
0<p<landallyeY:

d(®(z1,y), ®(z2,y)) < pd(z1,22) for all z1,29 € X.

Then for each y €Y there exists a unique x € X with ®(z,y) = x. If we denote this fized point
by x = S(y), then the map S :Y — X is continuous.

Proof. Fix xo € X and define the sequence {z,,(y)} by zo(y) = z0, Zn+1(y) = ®(2n(y),y).
By the contraction property, d(zn+1(y), zn(v)) < p™d(z1(y), z0(y)). For m > n, the triangle
inequality gives:

Ve

. d((y). 70())

m—1
d(wm (), 2n(y)) < Y prd(za(y), 20() < §
k=n
Since p < 1, {z,(y)} is Cauchy and converges to some z(y) € X, which satisfies ®(z(y),y) =
z(y) by continuity. Uniqueness follows from the contraction property.
For continuity of S(y) = x(y), given € > 0, choose N so that d(zn(y),S(y)) < /3 for all
y. By continuity of ®, xn(y) is continuous in y, so there exists § > 0 such that d(y,yp) < o
implies d(zn(y), xn(yo)) < €/3. Then:

d(S(y), S(yo)) < d(S(y),zn(y)) + d(zn(y), zn(yo)) + d(zn(y0), S(yo)) < e

52
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Let p € M and let z!',..., 2™ be differentiable functions on a neighborhood U of p. Let
©(q) = (x'(q),...,2™(q)) for ¢ € U. We say that {z'}1<;<, defines a coordinate system at p
if there exists an open neighborhood U’ of p, contained in U, such that (U’, p|y7, m) is a chart
on M.

Theorem 4.2. The following are equivalent:

1. {x'} defines a coordinate system at p.

2. a‘; form a basis of T,M.

Theorem 4.2 is a consequence of the following more general theorem:

Theorem 4.3. Let M and N be manifolds, p € M and q € N, and let F : M — N be a
smooth map such that F(p) = q. Then the following are equivalent:

1. F is a local diffeomorphism at p.
2. dpF : TyM — Ty N is an isomorphism.

Theorem 4.4 (Inverse Function Theorem on Euclidean Space). Let P: U C R™ — R™ be a
C> map. Suppose that at some point a € U, the derivative DP(a) : R™ — R™ is an invertible
linear map. Then there exist neighborhoods U of a and V of b = P(a) such that P restricts to
a C®-diffeomorphism from U onto V.

Proof. Assume a = 0, P(a) = 0, and by composing with [DP(0)]~!, assume DP(0) = I.
Define ®(z,y) = x — P(x) + y. Then P(z) = y if and only if ®(z,y) = =.
Since DP(0) = I and P is O, choose € > 0 such that for ||z1|, ||z2] < e:

|P(z1) — P(z2) — (z1 — x2)|| < 3llz1 — 22|

Then ||®(z1,y) — ®(z2,9)|| < §[|lz1 — 22|, so (-, y) is a contraction.
Let X ={z:||z|| <e}, Y ={y:||y]| <e/2}. Forx e X,y eY:

1@(z, )l < llo = P@)]| + Iyl < sllell +lyll < 5+ 5=¢

so (X xY)CX.

By the contraction mapping theorem, for each y € Y there exists a unique x € X with
®(z,y) =z, i.e., P(x) = y. Denote this by x = S(y). Then S : Y — X is continuous and
PoS =idy.

To show S is C':

Let yo € Y and xp = S(yo). Since DP(xz¢) is invertible (by continuity of DP and
DP(0) = I), consider the difference quotient:

S(y) — S(yo) = [DP(x0)] "' (y — wo)
ly = voll
Using P(S(y)) =y and P(S(yo0)) = yo, we have:

S(y) = S(yo) — [DP(20)] " (¥ — o)
= S(y) — S(yo) — [DP(0)] " (P(S(y)) — P(S(y0)))
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= [DP(x0)] ™" (DP(0)(S(y) — S(y0)) — (P(S(y)) — P(S(%0))))

By the differentiability of P at zq:

P(5(y)) — P(S(yo)) = DP(20)(S(y) — S(yo)) + o([IS(y) — S(yo)l)
Thus:

15 (y) — S(yo) — [DP(w0)] " (y — o)

1y ollS() = S(wo)ll)
v — voll < [[DP(z0)] ||

ly — yoll

Since S is continuous and DP(xg) is invertible, ||S(y) — S(vo)|l/lly — yoll is bounded.
Therefore the right-hand side tends to 0 as y — o, proving that S is differentiable at yo with
DS(y0) = [DP(xo)] .

The continuity of DS follows from the continuity of DP and S.

Higher regularity: The C* case for k > 2 follows by induction. We already have the
derivative formula DS(y) = [DP(S(y))]~!. If P is C*, then DP is C*¥~!, and since matrix
inversion is smooth, the composition [DP(S(y))] ™! is C*~! by the chain rule and the induction
hypothesis that S is C*~1. Thus DS is C*~!, meaning S is C*. O

Remark 4.5. The contraction mapping principle is not strictly necessary here, as the inverse
mapping is clearly Lipschitz continuous. Nevertheless, it is a convenient tool in other contexts,
such as proving continuous dependence on initial conditions for ordinary differential equations.

4.2 Immersions, submersions, and subimmersions

Let M and N be smooth manifolds, p € M and g € N, and let f: M — N be a smooth map
such that f(p) =¢q. Let m = dim M and n = dim N.

Definition 4.6. Let M and N be smooth manifolds, p € M and € N, and let f: M — N
be a smooth map such that f(ﬁ) = q. Then (M, N,p,q, f) looks locally like (M, N.p,q, f) if
there exist open neighborhoods U of p, V of ¢, U of p, V of § and diffeomorphisms ¢ : U — U
and h: V — V such that:

1. f(U)CVand f(U)CV,
2. g(p) = p and h(q) = ¢,

3. The following diagram commutes:

Z

Q
-~

<t
. >

T

h

Remark 4.7. We shall apply this definition mainly when M is a vector space R™, N is a
vector space R™ and f is a linear map. In this case, we will take p = 0, ¢ = 0 without explicit
mention.
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4.2.1 Immersions

Notation 4.8. We write d,, f for the differential (or tangent map) of a smooth map f at a
point p. For the induced smooth map TMoT' N between tangent bundles, we use the notation

df .
Theorem 4.9. The following are equivalent:
1. dpf is injective.

2. There exist open neighborhoods U of p, V' of ¢, and W of 0 (in R™™™ ) and a diffeomorphism
PV = UxW such that:

(a) FU)CV,
(b) If v denotes the inclusion U — U x {0} C U x W, then the following diagram
commutes:
.
\ l“’
UxW

3. (M,N,p,q, f) looks locally like a linear injection f : R™ — R™.

4. There emist local coordinates {x'} at p and {y’} at q such that 2' =y'o f for 1 <i<m
and 0=y o f form+1<j<n.

5. There exist open neighborhoods U of p and V' of q, and a smooth map o : V — U such
that f(U) CV and oo f =idy.

Proof. The implications (2) = (3) = (4) = (5) = (1) are elementary.
We show (1) = (2). Since the question is local, we may assume that the following conditions
are satisfied:

a. IN is an open subset of R,
b. f(p) =0 and Imd,f = R™ x {0} C R™ x R"™™ = R".

Let W be {0} x R"™™ C R". Define f': M x W — N by f'(p,w) = f(p) + w. Then by the
inverse function theorem, f’ is a local diffeomorphism at (p,0). Hence, by shrinking M, N
and W, we may assume that f’ is a diffeomorphism. Then the inverse v of f’ satisfies the
condition of (2).

Let us verify the commutativity ¥ o f = ¢ in detail. By the definition of f’ and the fact
that f’ is a diffecomorphism between U x W and V', we know that f : U — V is an injection. If
y € f(U), then y € (U x {0}) and f~(y) = (f~'(y),0) by the definition of f’. Therefore,
Y(f(x)) = (z,0) for all z € U, which means ¢ o f = ¢. O

Definition 4.10. A smooth map f satisfying the equivalent conditions of the preceding
theorem at p is called an immersion at p. A smooth map f which is an immersion at all p € M
is called an tmmersion.
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Example 4.11 (Inclusion into product manifold). Let M and N be smooth manifolds, and fix
a point ¢y € N. Consider the inclusion map ¢ : M — M x N defined by

L(p) = (p7 QO)

This map is an immersion. To see this, consider the projection map @ : M x N — M
defined by 7(p,q) = p. Then we have

mor=1idpy.

This means that 7 is a smooth left inverse for ¢ on the entire manifold M. By condition (5)
of the theorem, with U = M and V = M x N, it follows immediately that ¢ is an immersion
at every point p € M.

Example 4.12 (Dense immersion of R! into 7?). Consider the 2-torus 72 = S* x S! and let
« be a real number. Define the map f : R — T2 by

f(t) — (627rit’ e27riat)'

This map is an immersion. To see this, consider the natural angular coordinates on T2. Let (6, ¢)
be coordinates on the universal cover R? of T2, with the identification (6, ) ~ (6 +m, ¢ + n)
for m,n € Z.

In these coordinates, the map f becomes

f(t) = (t,at) mod Z>2.

Now, at any point tg € R, we can choose a neighborhood U of tg small enough so that the
projection R? — T2 restricts to a diffeomorphism on (tg — ,tg + €) x (atg — €, atg + €) for
some € > 0. In this local coordinate chart, the map is simply

f(t) = (tv at)?

Ttof = <i) )

which has full rank 1. Therefore, f is an immersion.

Note that when « is irrational, the image f(R!) is dense in 7. This follows from the fact
that the irrational rotation on the circle is minimal (every orbit is dense). More precisely, for
any open set U C T2, there exists some ¢ € R such that f(t) € U.

and its derivative is

4.3 Submersions

Theorem 4.13. The following are equivalent:
1. d,f is surjective.

2. There exist open neighborhoods U of p, V' of ¢ and W of 0 (in R™™") and a diffeomorphism
P :U —=V xW such that:
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(a) f(U) =V,
(b) If w denotes the projection V- x W — V| then the following diagram commutes:
v—1 v
wl /
VxW

3. (M, N,p,q, f) looks locally like a linear surjection f : R™ — R™.
4. There exist local coordinates {x'} at p and {y'} at q such that ' =y' o f for 1 <i < n.

5. There exist open neighborhoods U of p and V' of ¢ and a smooth map o : V — U such that
f(U)CV and foo =idy.

Proof. The proof is similar to the proof of the corresponding theorem on immersions.
We only need to show (1) = (2). Since the question is local, we may assume that the
following conditions are satisfied:

a. M is an open subset of R™ and IV is an open subset of R",
b. p=0and Kerd,f = {0} x R™™" C R" x R"™" =R"™.

Let W be {0} x R™~" C R™. Define ¢ : M — N x W by ¢(z) = (f(z), (z"*,...,2™)). Then
by the inverse function theorem, 1 is a local diffeomorphism at p = 0. Hence, by shrinking M,
N and W, we may assume that ¢ is a diffeomorphism. O

Definition 4.14. A smooth map f satisfying the equivalent conditions of the preceding
theorem at p is called a submersion at p. A smooth map f which is a submersion at all p € M
is called a submersion.

Example 4.15 (Projection from product manifold). Let M and N be smooth manifolds.
Consider the projection map 7 : M x N — M defined by m(p, q) = p.

This map is a submersion. To see this, note that for any point (p, q) € M x N, the derivative
T(p,q)7 is surjective. Indeed, we can use condition (5) of the theorem by taking the section
o: M — M x N defined by o(p) = (p,qo) for any fixed gy € N. Then moo =idys, so 7 is a
submersion.

Example 4.16 (Projection to projective space). Consider the map 7 : R” \ {0} — RP"!
defined by 7 (z) = [z], where [z] denotes the line through the origin containing x.
This map is a submersion. To see this, consider the coordinate chart Uy = {[x1 : -+ : xy] |
z1 # 0} on RP""!. On Uy, we have coordinates (ya, ..., y,) With y; = z;/x1 for j =2,... n.
Define a smooth section o : Uy — R™ \ {0} by

o2+ yn) = (Ly2, -+ Yn)-

Then we have

71'00(?/27-”7?/71):[133/23"'3yn]:(92w--ayn)a
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where the last equality holds because in the coordinate chart Uy, the point [1: yy : -+ : yp]
corresponds exactly to (y2,...,Yn).

Therefore, 7 o o = idy,, and by condition (5) of the theorem, 7 is a submersion on 7~ *(Uy).
Since RP"! is covered by similar coordinate charts U; = {[zy : --- : 2,,] | ; # 0}, and on

each such chart we can define an analogous section, it follows that 7 is a submersion on all of
R™\ {0}.

More generally, if we consider the space of full-rank m x n matrices (m > n) and the
projection to the Grassmannian Gr(n, m) which sends a matrix to its column space, this map
is also a submersion, and a similar local section argument can be used to prove it.

4.3.1 Remarks

1. Sometimes the phrase "f has maximal rank" (meaning d, f is injective if m < n and d,f
is surjective if m > n) is used to include both concepts.

2. An embedding is a smooth map f such that:

(a) f is an immersion,

(b) f: M — f(M) is a homeomorphism.

4.4 Subimmersions

Definition 4.17. f is a subimmersion at p if the following equivalent conditions are satisfied:

1. f looks locally like a composition M = Z = N where s is a submersion and ¢ is an
immersion.

2. f looks locally like a linear map f : R™ — R™.
A smooth map f which is a subimmersion at all p € M is called a subimmersion.

Remark 4.18. 1. The set of points p € M where a smooth map f : M — N is an immersion
(resp. a submersion, a subimmersion) is open in M.

2. The composition of two immersions (resp. submersions) is an immersion (resp. a
submersion). The analogous statement for subimmersions is false.

3. In the definition of subimmersion, the order (submersion then immersion) ensures stable
rank behavior. For a linear map f : R” — R” factoring as R™ = R” % R" with s
surjective and ¢ injective, the rank is r. Reversing the order (immersion then submersion)
may yield different ranks under local coordinates, as seen in the example = — (z,0)
composed with different projections.

Theorem 4.19. The following are equivalent:
1. f is a subimmersion at p.

2. rank T,y f is constant for p’ € U and U some neighborhood of p.
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Proof. (1) = (2): Clear.
(2) = (1): Let r = dim Imd,f. Then, since the question is local, we may assume the
following conditions are satisfied:

a. N =V, x Vo isopen in R” x R*"™",
b. f(p) =0 and Imd,f = R" x {0}.

Let 7 : R" x R"™" — R" be the projection on the first factor. Then 7o f is a submersion.
Hence we may further assume that:

a. M =V; x Uy is open in R" x R™™",
b. mo f: V1 x Uy — Vi is the projection on the first factor.

The map f then has the following form:

f(z1,m2) = (21,9(21,22))

Finally, since T}, f has locally constant rank, we may assume that the rank of T}, f is in fact
constant on V; x Uy (rank = r).

We claim that 1) must be independent of 3 in a neighborhood of zero. Indeed, Datp(x1, x2) =
0 since otherwise f would have rank greater than r at (z1,x2). Our claim is therefore a
consequence of the following lemma:

Lemma 4.20. Let f: U x V — R be a smooth function such that Dy f is identically 0. Then
f s locally independent of the V' coordinate.

We conclude the proof of the theorem by noting that f may now be written as V; x Us —
Vi — Vi x V5 where the first map is pr; and the second is idy; x%. The first map is a
submersion and the second is an immersion. O

Remark 4.21. In differential geometry, the concept of subimmersion naturally arises in several
important contexts. In this course, we will encounter one particularly fundamental example:

Vector bundle theory: Consider a vector bundle homomorphism & : £ — F' between
two vector bundles over the same base manifold M. If the rank of the linear map ®, : £, — F,
induced on each fiber is constant, then the bundle homomorphism ® (when viewed as a map
between smooth manifolds) is a subimmersion.

This example is of fundamental importance. The subimmersion property ensures that we
can define the kernel bundle ker(®), the image bundle image(®), and the cokernel bundle
coker(®). These constructions form the foundation of linear algebra over vector bundles and
play crucial roles in many areas of differential geometry.

Another context (which we may mention if time permits) is Lie group theory. For Lie
groups (manifolds with group structure), every continuous Lie group homomorphism ¢ : G — H
is automatically smooth and a subimmersion. While Lie groups form an important class of
examples, their theory is rich enough to warrant a separate course.

In this course, the primary (and likely only) concrete examples of subimmersions we will
encounter in detail will be constant-rank vector bundle homomorphisms.
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4.5 Submanifold

Suppose M is a subspace of N (with the induced topology) and let
t: M — N

be the inclusion map. We say M is locally a submanifold of N at p € M if either of the
following equivalent conditions holds:

1. There exists an open neighborhood U of p in M, a chart (V,4) of N about p, and a linear
subspace E C R™ such that U C V and ¢(U) = ENy(V).

2. There exist local coordinates z!,...,z" defined near p in N and an integer 0 < k < n
such that M is locally given by z! = ... = 2F = 0.

If M is locally a submanifold of N at every p € M, we say M is a submanifold of N.
We now justify this terminology.

Theorem 4.22. The following are equivalent:
1. There exists a smooth structure on M such that ¢ is an immersion.

2. M is a submanifold of N.

Proof. (=) This follows from the local coordinate characterization (item 4) of immersions.

(<) Choose an open cover {U;}ier of M such that for each i € I, there exists a chart
(Vi, ;) of N and a linear subspace F; C R" satisfying U; C V; and v;(U;) = E; N (V).

Each U; inherits a smooth structure making ¢|y;, an immersion. On overlaps U; N U, these
structures agree: if we take coordinates from (V;, ;) and (V},;), the transition map 1); o 1/);1
is smooth on N and preserves the subspace structure defining M, hence {U;, p; = ¥i|u, bier
define a global smooth structure on M for which ¢ is an immersion.

Alternatively, once we prove the uniqueness theorem later, we could argue that both smooth
structures make t|y;nu; an immersion, hence they must coincide by uniqueness. O

Now we address the uniqueness of this smooth manifold structure:

Theorem 4.23. Let M be a topological space, N a smooth manifold, and f : M — N a
continuous map. If there exists a smooth structure on M making f an immersion, then this
smooth structure is unique.

Proof. Suppose A is a smooth structure on M such that f : (M, A) — N is an immersion. We
claim that for any manifold P, a map g : P — (M, A) is smooth if and only if fog: P - N
is smooth.

The "only if" direction is clear. For the "if" direction, we work locally. Let r € P, p = g(r),
and ¢ = f(p). Since f is an immersion, there exist neighborhoods U of p in M and V of ¢ in
N, and a smooth map h : V' — U such that ho f|y = idy.

By continuity of f, we can find a neighborhood W of r such that g(WW) C U. Then on W
we have:

glw =idyoglw =ho foglw.
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Since f o g is smooth by assumption, gy = h o (f o g|lw) is smooth. As smoothness is local, g
is smooth everywhere.

Now, if A’ is another smooth structure on M making f an immersion, then for any manifold
P and map g: P — M:

g€ C¥(P,(M,A) <= foge C®(P,N) <= ge C™(P,(M,A)).
By the characterization of smooth structures via smooth maps, this implies A = A’. ]

Example 4.24. Recall the two standard smooth structures on S': one defined by four charts
via coordinate projections, and another by two charts via stereographic projection. Since both
atlases realize S! as a submanifold of R?, the theorem shows that they are compatible.

Example 4.25. Let M and N be topological manifolds with f : M — N a homeomorphism.
If N has a smooth structure, then there exists a unique smooth structure on M making f a
diffeomorphism.

Proof. For existence, pull back the smooth structure from N via f: if {(Va,%4)} is a smooth
atlas for N, then {(f~1(Va),%a o f)} is a smooth atlas for M.

For uniqueness, if A; and Ay both make f a diffeomorphism, then the identity map
idy; = f~1o f is a diffeomorphism between (M, A1) and (M, As), so A; = As. Alternatively,
this follows from the uniqueness theorem for immersions. O

The uniqueness theorem also has a submersion counterpart.

Theorem 4.26. Let M be a smooth manifold, N a topological space, and f : M — N a
surjective map (not necessarily continuous a priori). If there exists a smooth structure on N
such that f is a submersion, then this smooth structure is unique.

Proof. Suppose A is a smooth structure on N such that f : M — N4 is a submersion. We
claim that for any manifold P, a map g : N4 — P is smooth if and only if go f: M — P is
smooth.

The "only if" direction is clear. For the "if" direction, we work locally. Let ¢ € N and
choose p € M with f(p) = g by the surjectivity of f. Since f is a submersion, , there exist
neighborhoods U of p in M and V of ¢ in N, and a smooth map h : V — U such that
fohly =idy.

The map g o f being smooth implies that goidy = go foh|y is smooth. hence g is smooth
in a neighborhood of ¢q. As smoothness is local, g is smooth everywhere.

Now, if A’ is another smooth structure on N making f a submersion, then for any manifold
P and mapg: N — P:

g€ C®(Ny,P) <= gofe(C®(M,P) <= g C®(Ny,P).
By the same characterization of smooth structures, this again implies A = A’. O

Remark 4.27. From the proof of this theorem, we see that a surjective submersion plays a
role analogous to a quotient map in topology. To verify that a map from a quotient manifold
to another manifold is smooth, it suffices to check that its composition with the submersion is
smooth.
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A direct example is provided by homogeneous polynomials on Euclidean space. Consider
the projection 7 : R"*1\ {0} — RP" onto projective space. If F': R"*! — R is a homogeneous
polynomial, then it naturally induces a map f : RP" — R defined by f([z]) = F(x). To verify
that f is smooth, we only need to check that for = F ]Rn+1\{0} is smooth, which is true since
polynomials are smooth.

4.6 Embedding

Recall that a subset M of a smooth manifold N is a smooth submanifold at p if there exist
local coordinates z!,...,2" defined near p in N and an integer 0 < k < n such that M is
locally given by ! = --. = 2% = 0. If M is locally a smooth submanifold of N at every point
x € M, we say M is a (smooth) submanifold of N. This definition captures the "regularity" of
the subset as it sits inside V.

The preceding discussion justifies the term "submanifold": there is a unique smooth
structure on M compatible with the subspace topology for which the inclusion map ¢ : M — N
is an immersion.

Now consider a smooth immersion f : M — N such that f: M — f(M) is a homeomor-
phism, where f(M) carries the subspace topology inherited from N. In this case, f(M) inherits
a smooth submanifold structure from M, and we call such an immersion an embedding.

To see this explicitly, take any ¢ € f(M) C N and choose p € M with f(p) = ¢. Since
f is an immersion, there exist coordinate charts ¢ = (z!,...,2™) : U — R™ around p and
v =(y',...,y") : V = R" around ¢ with f(U) C V, such that:

yiof=a' forl<i<m,

and ‘
yof=0 form+1<i<n.

Moreover, since f is a homeomorphism onto its image, there exists an open neighborhood
W C N of g such that W N f(M) =W N f(U). Therefore, within W NV, the set f(M) is
precisely given by y™*! = ... = 4" = 0, confirming that f(M) is a smooth submanifold of N.

4.7 Preimage Construction

Recall condition (4) in the characterization of submersions: a smooth map f: M — N is a
submersion at p if there exist local coordinates {2} around p and {y'} around f(p) such that
2t =ylo f for 1 <i<n (where n =dimN).

This local form immediately implies that the fiber f~!(q) is locally given by 2! = ... =
2™ = 0 near p, hence is a smooth submanifold of dimension m — n at p. This observation
motivates the following definition.

Definition 4.28. Let f: M — N be a smooth map. A point ¢ € N is called a regular value
of f if f is a submersion at every point x € f~1(q).

The discussion above leads directly to the following fundamental result:



CHAPTER 4. SUBMANIFOLDS AND TRANSVERSALITY 63

Theorem 4.29 (Preimage Theorem). If f: M — N is a smooth map and q € N is a reqular
value, then f~1(q) is a smooth submanifold of M of dimension dim M — dim N. Moreover, for
every p € f1(q), the tangent space satisfies

T,(f "(q)) = ker(dyf : T,M — T,N).

It is often convenient to think not in terms of the absolute dimension of f~1(q), but rather
its codimension—the amount by which its dimension is less than that of M. In the theorem
above, f~!(q) has codimension n = dim N.

Example 4.30 (The Sphere). The (n — 1)-sphere S"~! C R” can be realized as f~1(1), where
f:R™ — R is defined by

flxr, .. xn) =23+ + 22,
This map is smooth, and its derivative at any point is [2z1, ..., 2x,]. Since this is nonzero for
all (z1,...,2,) # (0,...,0), every nonzero real number is a regular value of f. In particular, 1
is a regular value, so S"~! is a smooth manifold of dimension n — 1 (or codimension 1).

Example 4.31 (Orthogonal Group). The orthogonal group O(n), consisting of n x n orthogonal
matrices, can be described as f~1(I), where f : GL(n,R) — Sym(n) is defined by f(A4) = AT A.
Here Sym(n) denotes the space of symmetric n X n matrices. One can verify that I is a regular

value of f, hence O(n) is a smooth submanifold of GL(n,R) of dimension n(n — 1).

Definition 4.32. Let f: M — N be a smooth map. A point ¢ € N is called a critical value
of f if it is not a regular value.

Example 4.33. If dimM =m <n =dim N and f: M — N is a smooth map, then every
point in the image f(M) is a critical value of f. This is because at any p € M, the linear map
dpf : TyM — T}y N cannot be surjective for dimensional reasons.

The preimage construction provides a powerful method for producing new manifolds from
old ones, often avoiding the need for explicit coordinate charts. The sphere and orthogonal
group examples demonstrate how naturally occurring geometric objects can be recognized as
smooth manifolds through this approach.

4.8 Transversality

We now address the natural question: when is the intersection of two submanifolds again a
submanifold? In general, the intersection of two submanifolds can be quite pathological. For
instance, when discussing partitions of unity, we showed that any closed subset K C M of a
manifold M can arise as the zero set of a non-negative smooth function f € C*(M).

Let us consider the graph of this function:

I'y:={(z,f(z)) e M xR:x € M},
which is a smooth submanifold of M x R. On the other hand, we have the zero section:

Ty := M x {0},
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which is also a smooth submanifold. Their intersection is
I'rNTy={(z,0) e M xR: f(z) =0} = K x {0},

which, in general, may have no manifold structure at all. This shows that submanifold
intersections need not themselves be submanifolds.

We will now introduce a sufficient condition that ensures the intersection of two submanifolds
is again a submanifold. This condition is called transversality. The intuitive idea is that if two
submanifolds intersect “as little as possible,” their intersection will behave nicely and inherit a
manifold structure.

Before giving the definition, we recall a basic lemma from linear algebra:

Lemma 4.34. Let V be a finite-dimensional vector space and Vi, Vo C 'V be subspaces. Then
the sequence

0 VinVa 5V L V/VieV/Va 5 v/(Vi+Va) »0
is exact, where:
e i :ViNVy =V is the natural inclusion
e j:V = V/Vi®dV/Vais given by j(v) = (v+ Vi,v+ Vo)
o k:V/Vi®V/Va— V/(Vi+Va) is given by k(v 4+ Vi,va + Va) = (v1 — v2) + (Vi + Va)
Proof of Lemma. We verify exactness at each term:
1. At V1 NV,: The map i is injective, so keri = 0.
2. At V: Wehavekerj={veV:v+Vi=0and v+ Vo =0} =V N Ve =imi.
3. At V/ Vi V/Va:
e imj C kerk: For any v € V, k(j(v)) = k(v+ Vi,v+V2) = (v —v) + (V1 + Va) = 0.
e kerk C imj: Suppose k(vi + Vi,v2 + V3) = 0. Then vy —ve € V) + Vi, so we

can write v;1 — vg = wy + we with w; € V;. Let v = v1 — w1 = vo + wy. Then
jW) =+ Vi,v+ V) = (v1 + Vi,v2 + V2).

4. At V/(V1 4 Va): The map k is surjective since for any w+ (V1 + V2), we have k(w + V7,04
V2) =w+ (Vi +V2).

O]

Theorem 4.35. Let M be a manifold, N1 and No be submanifolds of M, and p € N1 N Ny. If
TyM = T,N1 + T,Na, then there exists a chart (U, ) at p of M such that
e(U)=V1 x Vo x W
o(UNNy) ={0} x Vo x W
e(UNNy) =V; x {0} x W.

Equivalently, there exists a coordinate system x',...,z" at p and integers ri,ro > 0 with
r1 +r9 < n such that:

Ny is given by 2t = ... = z™ =0 in a neighborhood of p,

ri+1

N is given by x =...=2"""2 =0 in a neighborhood of p.
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Proof. Since N1 and Ny are submanifolds of M, we can find submersions
fi: M >R fo: M —R"™

such that N; = f;71(0) for i = 1,2. Let (z',...,2™) and (2"+!, ..., 2"772) be the coordinate
components of f; and fs, respectively.
Apply Lemma 4.34 to V =T,M, Vi = T,Ny, Vo = T,,N:

0= Tp (N1 N Ny) 5 T,M L T,M/T,Ny & T,M/T,Ny £ T,M/(T,Ny + T,Ny) — 0.

The condition T,M = T, Ny + T, Ny implies T,M /(T,N1 +T,N2) = 0, so the sequence becomes
short exact: ‘ ,
0 — T,(Ny N No) 5 T,M L T,M/T,Ny & T, M/T,Ny — 0.

In particular, j is surjective.
Now, the differential d,(fi, f2) : T,M — ToR™ & TyR" factors through j and the isomor-
phisms
T,M/T,N1 & T,M/T,N; = TyR™ & TyR"

induced by the submersions f;. More precisely, we have a factorization:

dp(fl,f2) = O.j:

where ® : T,M /T,N1 & T,M /TNy — TyR™ & ToR" is an isomorphism.

Since j is surjective and & is an isomorphism, it follows that d,(f1, f2) is also surjective.
Therefore, (f1, f2) : M — R™ x R is a submersion at p.

By the submersion theorem, there exists a coordinate system (z?, ..., z") around p such that
(f1, f2) corresponds to the projection onto the first 71 + 2 coordinates. In these coordinates:

hd Nl:ffl(o) ngivenbyxlz...:xrl =0
o Ny = f,1(0) is given by "1+l = ... = g"1¥72 =
This completes the proof. -

If N1 and Ny satisfy the condition of the preceding theorem at p, we say that N; and No
are transversal at p.

Corollary 4.36. Suppose N1 and Na are transversal at p. Then:
1. N1 and No are transversal in a neighborhood of p.
2. N1 N Ny is locally a submanifold of M at p.
3. Tp(N1 N Na) = T,N1 N T,Ns.

Proof. The first statement follows from the continuity of the transversality condition. The
second and third statements are immediate consequences of the coordinate representation in
the preceding theorem. O
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4.9 Fibre Products, Pullbacks, and Cartesian Squares

We now present a unified framework that generalizes both the preimage construction and the
transversal intersection of submanifolds: the concept of fibre products or pullbacks.

4.9.1 Definition and Basic Properties

Consider a pair of smooth maps f; : N; — M, i = 1,2. Their fibre product (also called
pullback) is defined as:

Ny xp No2 = {(y1,y2) € N1 X Na: fi(y1) = fa(y2)}

Let p; : N1 X3 No — N; be the natural projections, and define f = f; o py = fo o po. This
yields a commutative diagram:
Ni x 3 No 22> Ny

S

Ny M
f1

In category theory, such a square is called a cartesian square or pullback square because it
satisfies the following universal property:

For any manifold X with maps g1 : X — Nj and ¢go : X — Ny such that
fiog1 = fa0go, there exists a unique map h : X — Ny X 3y No making the following
diagram commute:
X
\h\ g2

N1 XMNZFNQ

g1
ipl lf2

Ny M
f1

4.9.2 Transversality and Smoothness

In the smooth category, the fibre product N7 x3; N2 may not be a manifold in general. To
ensure smoothness, we need a transversality condition.
Let (y1,y2) € N1 xpr Na and let p = f(y1,y2). We say that fi and fo are transverse at

(y17y2) if
T,M = Im<Tyl fl) + Im(Ty2f2)-

we write fi M, fo indicating that the transversality condition holds at the point p, that is , fi
and o are transverse at V(y1,%2) € f~!(p). A commutative square of the above form is called
transversal cartesian at p if this transversality condition holds.

As usual, if this condition holds for every (y1,y2) € N1 X s X Na, we simply say that f; and
fo are transverse and write

frhg.
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Theorem 4.37 (Smoothness of Transverse Fibre Products). Suppose fi and fo are transverse
at (y1,y2). Then:

1. f1 and fa are transverse at all points in a neighborhood of (y1,y2) in N1 X s Na.
2. Ny xpr N is locally a submanifold of N1 x Na at (y1,y2)-
3. The tangent space is given by the fibre product:
Ty, y2) (N1 X ar N2) = Ty, N1 X701 Ty Na,
T(yhyQ)(Nl Xy Na) = {(v1,v2) € Ty, N1 x Ty, No : Ty, f1(v1) = Ty, fo(v2) }.
Proof. Set N = N1 X No and P = Nj X35 No. Define maps ¢g; : N — N x M by:
91(y1,92) = ((y1,92), [1(w1),  92(y1,92) = (Y1, 2), f2(y2))-
Let g = gi|p. Then:
1. g1(N) and g2(NV) are transverse at g(y1,y2).
2. g(P) =g1(N) N ga(N).

The result follows by applying the transverse intersection theorem to the submanifolds g; (V)
and ga2(N) of N x M. O

4.9.3 Special Cases and Examples

The fibre product construction unifies several important concepts:

Example 4.38 (Preimage as Fibre Product). Given f: N — M and a point ¢ € M, consider
f and the inclusion i : {¢} < M. Their fibre product is:

N xar{ah ={(y.a) € N x{a}: f(y) = a} = f(a).
The transversality condition becomes the requirement that ¢ is a regular value of f.

Example 4.39 (Intersection as Fibre Product). For submanifolds Ny, No C M with inclusions
t; : N;j < M, their fibre product is:

N1 xpr No = {(y1,y2) € N1 X No: 11(y1) = t2(y2)} = N1 N Na.
The transversality condition is exactly
TyM = T,Ny + T,Na, p € NiN Nj.
When this condition holds, we say that N; and N, intersect transversely and write
N1 M No.

Example 4.40 (Product as Fibre Product). When M is a single point, the fibre product
reduces to the ordinary product:

N1 X{*} N2 = N1 X NQ.

Example 4.41 (Graph of a Map). Given f : Ny — N, consider the maps f : N3 — Ny and
id : No = Ns. Their fibre product is the graph of f:

N1 XN, N2 = {(y1,y2) € N1 x No @ f(y1) = y2} =: ['y.
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4.10 The Morse-Sard Theorem

The usefulness of the preimage construction and of the transversality condition lies in the fact
that the hypotheses are, in a very strong sense, "typically" satisfied. The Morse-Sard theorem
guarantees that the set of non-regular values has measure zero, so for a fixed smooth map,
almost every value is regular.

Theorem 4.42 (Morse-Sard). Let f € C*°(U,R"), where U C R™ is open. Then the set of
critical values of f has Lebesgue measure 0 in R™.

Proof. The proof proceeds by induction on m. Assume the theorem is already known for
dimension m — 1 whenever m > 1.
For 7 > 1, define

Cj={zxecU:f(x)=0, f'(x) =0, ..., fU(z) =0}.
We first show:

L"(f(Cy)) =0 whenever (7 + 1)n > m. (4.1)

It suffices to prove L"(f(K N Cj)) =0 for a compact cube K C U of side length ¢. Divide
K into k™ subcubes of side € = ¢/k. Let I1,...,In be the subcubes intersecting C}, and
choose x; € I; N Cj.

Taylor’s theorem and z; € Cj give

|f(2) = flzr)] < Ajx — [T < AT+ r € I
If (j +1)n > m, then
LN(f(I)) < AneUthn < gngmtl — gng £7m(1).

Summing over t,

N
It < AnEZ,Cm It < A,
t=1

L'(f(KNC)

||Mz

Letting £ — 0 proves (4.1).
Next, note that the set
Ej:=Cj\Cjn

is contained in a smooth submanifold of codimension 1 near each of its points. Indeed, at
xo € Ej there exists a component g of fY9) with dg(xg) # 0. Thus, E; lies locally in the level
set g7 1(g(z0)), which is a smooth (m — 1)-dimensional submanifold S.

If f has a critical point on S, then this point is also a critical point of f|g. By the induction
hypothesis (applied to the dimension m — 1 domain), the set of critical values of f|s has
measure zero. Since Ej is covered by countably many such neighborhoods, we obtain

LM(f(Cj\ Cjt1)) = 0.
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Finally, we handle the set C'\ Cy, where C'is the full critical set. Since C' is invariant under
precomposition with local diffeomorphisms, we may work in coordinates. At a point of C'\ C
where g—ﬁ # 0, let 1 be the inverse of the map

x = (fi(z), e, ..., Tm).

Then
Fov(y) = (y1,9(y),  g:R™ =R
A point y = (y1,y’) is critical for f o iff ¢ is a critical point of the map ¥ — g(y1,v').
For each fixed y1, the set of critical values of f o in the slice {31} x R"~! has measure zero.
Since the critical set in a compact K is compact, the image under f is compact and hence
measurable. By Fubini’s theorem, for each compact K

L7(F(C\ C1) 1 F(K)) =0,
Thus f(C'\ C1) has measure zero, completing the proof. O

Appendix: categorical properties of Cartesian squares

Proposition 4.43. The following properties hold for transversal cartesian squares:
Consider a commutative diagram of smooth manifolds:

f h

A——B——C

U

D—sFE——F
m n
Then:
1. If both squares are transversal cartesian, then the outer rectangle is transversal cartesian.

2. If the right square and the outer rectangle are transversal cartesian, then the left square is
transversal cartesian.

Proof. By the Pasting Lemma for pullbacks below, the corresponding statements for the
underlying commutative squares as pullbacks in the category of smooth manifolds hold. It
remains to verify the transversality conditions.

(1) Let a € A, b= f(a), c=h(b), d = g(a), e =m(d) = k(b), f =n(e) =l(c). Given the

transversality conditions:

TEE = Im(Tbk) + Im(Tdm)
T¢F =Im(T,l) + Im(T.n)

For any v € T¢F, write v = T.l(u) + Ten(w) with v € T,C, w € TeE. Then write w =
Tok(z) + Tym(y) with € TyB, y € TyD. Thus v = T,l(u) + Ten(Tpk(x)) + Ten(Tym(y)) =
Ty(loh)(u' +x)+Ta(nom)(y) for some v’ € T, B, showing v € Im(Ty(loho f))+Im(Ty(nom)).

(2) Let e = k(b) = m(d), w € TE. Then T,n(w) € T F'. By outer rectangle transversality:
Ten(w) = Tp(1)(u) + Tg(n o m)(v) for some u € T,.C, v € TyD. Thus T.n(w) = Tc(l)(u) +
Ten(Tym(v)). Since the right square is transversal cartesian, there is @ € T B such that
Tyk(z) = w — Tym(v) and Tph(x) = u, giving w = Tpk(x) + Tym(v). O
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Note: The properties in Proposition 4.43 are standard for cartesian squares (pullbacks) in
category theory. However, for transversal cartesian squares we must additionally verify that
the transversality condition is preserved under composition and decomposition of squares. The
above proofs establish precisely that the transversality condition holds in these situations.

Lemma 4.44 (Pasting Lemma for Cartesian Squares). In any category with pullbacks, consider
a commutative diagram:
f h

A——sB—»

Q

g k

-
—~

B!

D——F——
m n

Then:
1. If both squares are cartesian, then the outer rectangle is cartesian.
2. If the right square and the outer rectangle are cartesian, then the left square is cartesian.

Proof. We prove these statements using the universal property of pullbacks.

(1) Assume both inner squares are cartesian. We need to show the outer rectangle is
cartesian, i.e., that A is the pullback of D — F and C' — F.

Let X be any object with maps a : X — D and v: X — C such that nomoa =1lo7.
Since the right square is cartesian, there exists a unique map 8 : X — B such that ko8 = moa
and ho 3 =+.

Now, since the left square is cartesian, there exists a unique map 6 : X — A such that
god=aand fod=0.

This § satisfies go d = o and (ho f) o d =, showing that A is indeed the pullback.

(2) Assume the right square and outer rectangle are cartesian. We need to show the left
square is cartesian.

Let X be any object with maps a: X — D and 8 : X — B such that moa = ko .

Consider the map loho 8 : X — F. Note that nomoa =noko [ =10hof, where the
last equality follows from commutativity of the right square.

Since the outer rectangle is cartesian, there exists a unique map 0 : X — A such that
god=aand (ho f)od=hop.

Now, both f o and 8 are maps from X to B that satisfy:

e ko(fod)=kofod=mogod=moa=kof
e ho(fod)=hofod=hof

Since the right square is cartesian, the map (k,h) : B — E X C is injective on the level
required by the universal property (equivalently, it is the pullback of | along n). Therefore
fod=p0.

Thus § satisfies go d = a and f o § = 3, showing that the left square is cartesian. O
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4.11 Whitney embedding

Before turning to the Whitney Embedding Theorem, let us record a few remarks about Sard’s
theorem in the manifold setting. Last time we proved the Sard theorem for smooth maps
defined on open subsets of Euclidean space. Since all our work from now on takes place on
smooth manifolds, it is useful to clarify what "measure zero" and "almost everywhere" mean
in that context.

Remark 4.45 (Measure zero sets on manifolds). Although we have not formally introduced a
measure on smooth manifolds, the concept of a measure-zero subset makes perfect sense. A
subset A C M is said to have measure zero if, for every coordinate chart (U, ), the set

e(ANU) CR™

has Lebesgue measure zero. Since diffeomorphisms preserve measure-zero sets, this definition
is coordinate-independent. Thus it is meaningful to speak of properties holding "almost
everywhere" on a manifold.

Remark 4.46 (Measure zero vs. meagre sets). Measure-zero sets provide one notion of
"smallness" of a subset. A different notion, coming from topology rather than measure theory,
is that of a first category or meagre set: a subset is meagre if it is a countable union of
nowhere dense sets (also known as a set of the first Baire category). Critical value sets in the
Morse—Sard theorem are unions of compact measure-zero sets, hence are nowhere dense and
therefore meagre. This notion extends naturally to smooth manifolds.

In infinite-dimensional settings (for example, Banach or Hilbert manifolds), Lebesgue
measure is no longer available. The corresponding version of Sard’s theorem is the Sard—-Smale
theorem, which states that the set of regular values of a smooth Fredholm map is residual
(comeagre).

We continue the Whitney Embedding Theorem. This is a fundamental and beautiful result:
although we have defined manifolds abstractly, the manifolds we visualize in our minds are
almost always realized as submanifolds of Euclidean space. Whitney’s theorem guarantees that
our abstract definition does not produce objects that deviate significantly from this intuition.

Recall that in the proof of the partition of unity theorem, we constructed a locally finite
collection {W;}, where each W is contained in the domain U; of some coordinate chart (U;, ¢;).
For each 7 we also produced a compactly supported smooth function 7;, which is identically 1
on a neighborhood of W; and whose support lies inside U;. If you like Lee’s terminology, the
sets W; are called regular coordinate balls.

We begin with the following lemma, which will be the starting point for the construction of
embeddings.

Lemma 4.47. Let K C M be a compact subset of an m-dimensional manifold M, and let U
be a neighborhood of K. Then there exists a natural number n and a map

g € G (M,R")

such that g is an injective immersion on a neighborhood of K, and g = 0 outside U.
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Proof. Choose finitely many sets W;, j = 1,...,k, from the locally finite family constructed
above so that they cover K. For each j, define

g; = (njeps,n;): M — R™HL
Each g¢; is an injective immersion on a neighborhood of W ;. Therefore the direct sum

9= D Dk

is an injective immersion on some neighborhood of K. Here

g=91D--Dgx

means the map whose value at x is the concatenation of the vectors gi(x),...,gx(z). Thus
each g; : M — R™! yields

g: M =R g() = (gi(2), ..., gk(2)).

Finally, multiply ¢ by a bump function which is identically 1 near K and vanishes outside
U. This yields a compactly supported smooth map into R™ that is an injective immersion near
K, as required. O

The weakness of this argument is that it gives no control over the target dimension n. When
M is compact, this is harmless: we only need a single embedding into some R"™. However, when
M is noncompact, one typically exhausts M by larger and larger compact subsets, and the
above construction forces us to choose larger values of n at each stage. If we proceed naively,
we are eventually led to embeddings into an infinite-dimensional Euclidean space—an outcome
that is neither geometric nor desirable.

We now turn to the question of dimension reduction, which overcomes this issue and leads
to the finite-dimensional Whitney Embedding Theorem.

We first introduce a useful family of linear projections. For a = (a1, ...,a, 1) € R*™! we
denote by

7, R? — R*1

the projection along the vector (a,1) onto the hyperplane {x,, = 0}, i.e.

1

N C A L I (xl —az™, .. 2"t

n
— Ap—1T )
We now prove that, for a generic choice of a, such a projection preserves immersions on a
fixed compact set.

Lemma 4.48. Let M be an m-dimensional manifold, K C M a compact set, and f €
C>®(M,R"™) an immersion on a neighborhood of K. Assume n > 2m. Then there is a closed
measure-zero set £ C R"™1 such that, for all a € R"~1\ E, the map m, 0 f is an immersion on

K.

Proof. Since measure zero is preserved under countable unions and this is a local statement,
we may assume that K is contained in a single coordinate chart and, furthermore, that M is
an open subset of R™.
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Let E C R"! be the set of all parameters a for which 7, o f fails to be an immersion at
some point of K. Concretely, a € F if and only if there exist z € K and A € R™ with [A\| =1

such that
of; Ofn _ . B
’;1)\ (8$k(:c) a]—axk(x)> =0, j=1...,n—1

These equations define a closed subset of
K x S™ 1 x RV

and the projection to the a-factor is proper (since K is compact), hence E is closed.

Set
3fn
A
Z k(%k

so that the above equations can be rewritten as
m
0
Z f] = paj, j=1....n—1,
k=
and, with a, := 1,
of; )
Z:/\kaxk():uaj, j=1,...,n.

This means that the vector (a,1) € R™ is tangent to the immersed submanifold f(M) at the

point f(x).
Since f is an immersion, the vector

is nonzero, hence p # 0 and (a, 1) lies in the range of the smooth map
F:R"x K—R" A
’ Z kg 8xk

The domain of F' has dimension 2m < n, so by a simple special case of the Morse-Sard theorem
the image F'(R™ x K) has measure zero in R™. For each fixed p # 0, the intersection of this
image with the affine hyperplane

H,={(a,pn) €eR":a e R" 1}

also has measure zero (by Fubini’s theorem and homogeneity). Projecting H, Nim F onto the
first n — 1 coordinates yields a measure-zero subset of R?~1.

Since, for a € F, the direction (a, 1) lies in im F' with some p # 0, we conclude that F is a
closed measure-zero subset of R"71. O

We next analyze when injectivity is preserved under projection.
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Lemma 4.49. Let M be an m-dimensional manifold, K C M a compact set, and f €
C>®(M,R"™) an injective immersion on a neighborhood of K. Assume n > 2m + 1. Then there
exists a closed measure-zero set F' C R" ™! such that, for all a € R" '\ F, the map m, 0 f is
an injective immersion on a neighborhood of K.

Proof. By Lemma 4.48, there is a closed measure-zero set £ C R"~! such that 7, o f is an
immersion near K for all a ¢ E. It remains to rule out failure of injectivity.

Let E' ¢ R™ ! be the set of parameters a such that 7, o f is not injective on K. First
observe that E U E’ is closed. Indeed, suppose a; € E' and a; — a. For each j there exist
xh, 2] € K, xf # af, with

ma, [ (25) = ma, [ (27).
Passing to a subsequence, we may assume z’; — 2’ and 2] — 2" for some 2/,2" € K. If a ¢ E,
then for j sufficiently large, m,; o f is an injective immersion on a fixed neighborhood of ', so
in particular 2’ # z” and

maf(2') = maf(2"),

showing that a € E'. Thus FU E’ is closed.
Now describe E' more explicitly. The condition a € E’ means that there exist 2/, 2" € K,
x' # x”, such that

fj(:c/) - ajfn(x/) = fj(a://) — ajfn(ac"), j=1,...,n—1.

Setting a, = 1 and
= fa(z) = fula"),
we can rewrite this as
f(.%'/) - f(.ﬁU”) =W (ala <oy Qn—1, 1)

Since f is injective on K, we have f(z') # f(z”) and therefore u # 0. Thus the vector (a, 1)
lies in the range of the smooth map

G:Rx KxK—R", G(t, o', 2") =t (f(a') — f(a")).

The domain of G has dimension 1+ 2m < n by assumption, so the image G(R x K x K) has
measure zero in R™. As before, by homogeneity and Fubini’s theorem, its intersection with
each hyperplane {(a,u) : a € R" '}, 1 # 0, has measure zero, and hence the corresponding
sets of a in R™ ! also have measure zero.

It follows that E’ is a measure-zero subset of R”~!, and hence so is F' := E U E’, which is
closed. For a ¢ F, the map m, o f is both an immersion and injective on a neighborhood of K,
as claimed. O

In these two lemmas we have successively excluded two types of “bad” projection directions:
in Lemma 4.48 we avoided projecting along directions tangent to f(M), and in Lemma 4.49
we further avoided directions parallel to chords joining distinct points of f(K'). The sets of
forbidden directions are controlled by 2m and 2m + 1 parameters, respectively, which explains
the dimension assumptions n > 2m and n > 2m + 1.
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Theorem 4.50 (Approximation by proper embeddings). Let M be an m-dimensional manifold
and let
feC>®(M,R")

be a proper map, where n > 2m+1. Then for every positive continuous function € : M — (0, 00)
there exists a proper embedding

g € C*(M,R")

such that
lg(z) — f(z)| <e(z), x€ M.

Proof. First replace € by
¢'(z) :== min{1,e(x)},

and relabel ¢/ = €. Then the function
M—=R,  z=|f(r)]—e(z)

is proper: indeed, for any ¢ € R we have

{z:[f(0)] —e(@) <cp Cc{a: |f(@)] <c+1},

and the latter set is compact because f is proper and ¢ < 1. Consequently, if g satisfies
lg — f| <eon M, then

l9(@)| = [f(@)] = lg(x) = f2)] = | f(2)] = e(2),

so the properness of x — |f(x)| —e(z) implies that g is also proper. Thus it suffices to construct
an embedding g with |g — f] < e.
Let
KicKyc---CM

be a compact exhaustion of M. We construct inductively a sequence
gj € C°(M,R"), 7=0,1,2,...,
such that:
L go=r;
2. for all j > 1,
e(x)
J

lg;j(%) — gj—1(z)| < > x € M;

3. g; is an injective immersion on a neighborhood of Kj;
4. gj = gj—1 on Kj_l.

Assume g;_1 has been constructed for some j > 1. By Lemma 4.47, there exist an integer
£ and a map

h e C%(M,RY)
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such that g;_1 @ h is an injective immersion on a neighborhood of K;. Moreover, we may
choose h so that h = 0 near K;_1: for instance, apply Lemma 4.47 with

K=Kj\Vj-1,  U=M\Kj.,

where V;_1 is a neighborhood of K;_1 on which g;_1 is already an injective immersion.
Now repeatedly apply Lemma 4.49 to the map

M — R, x = (gj—1(x), h(z)),
to obtain a linear map T : R — R” with arbitrarily small operator norm such that
gj :==gj—1+Toh

is an injective immersion on a neighborhood of K. Since h = 0 near K;_1, we have g; = g;_1
on K;_i. By choosing ||T'|| sufficiently small, we can also ensure that

9@ 9@ < D e

This completes the inductive step.
By construction,

> loj(e) — gya(e)] < 35 — o)
j=1 Jj=1

so the series converges pointwise, and in fact stabilizes on each compact set: for any fixed Ky,
all maps g; with j > N coincide on Ky because of property (4). We can therefore define

g(z) = lim g;(x),
Jj—o0
and obtain a smooth map g € C°°(M,R"™) with
l9(x) — f(z)| <e(z), xeM.

Moreover, on each K; we have g = g;, and g; is an injective immersion near K, hence g is an
injective immersion on all of M.

Finally, since g is a proper injective immersion, the following lemma shows that g is an
embedding. O

Lemma 4.51. Let X and Y be Hausdorff spaces, with 'Y locally compact, and let f: X =Y
be proper (i.e. f~Y(K) is compact for every compact K CY ). Then f is a closed map: the
mmage of every closed subset of X is closed in'Y .

Proof. Let C C X be closed, and let y € f(C). We must show y € f(C).

Since Y is locally compact and Hausdorff, there exists a compact neighborhood K C Y of
y. Then

fFIC)NK = f(Cn fH(K)).

The set CN f~1(K) is closed in the compact set f~!(K), hence compact. Thus f(C)N K is
the continuous image of a compact set and therefore compact, in particular closed in K.

Because y € f(C), we also have y € f(C)NK. But f(C)N K is closed in K and y € K,
soy € f(C)NK. Hence y € f(C).

We have shown that every point in f(C) lies in f(C), so f(C) is closed in Y. Thus f is a
closed map. O
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Finally, let us explain why proper maps are abundant, so the approximation theorem above
always applies. When we constructed partitions of unity, we also proved the existence of
an erhaustion function on any smooth manifold M. Recall that an exhaustion function is a
continuous map

p: M —R

such that every sublevel set
P~ (o0, )

is compact for all ¢ € R. In particular, every exhaustion function is a proper map.
Therefore, given any n > 1, we may consider the map

x+— (¢(x),0,...,0) € R",

which is again proper. Thus proper maps M — R" always exist, and Theorem 4.50 shows
that we can approximate any such proper map by a proper embedding arbitrarily well. This
guarantees the existence of smooth embeddings of M into R"™ for all sufficiently large n.

We now describe the normal bundle of an embedded submanifold and show that it is an
embedded submanifold of the tangent bundle of R".

Let M C R™ be an embedded m-dimensional submanifold. For each x € R™, the tangent
space T,R™ is canonically identified with R™, and hence inherits the standard Euclidean inner
product (-, -).

For z € M, define the normal space

N, M = {veT,R": (v,w) =0 for all w € T, M}.
The normal bundle of M is then defined as
NM = {(z,v) e TR"ZR"xR" |z € M, ve N, M}.
There is a natural projection
mvm c NM — M, rnm(x,v) =z,
which is just the restriction of the standard bundle projection 7 : TR™ — R™.
Proposition 4.52. The normal bundle NM is an embedded submanifold of TR"™.
Proof. Let pgp € M and choose a coordinate chart
(U, = (x},...,2"))
on R™ such that pg € U and
MNU={peU:a"™(p)=---=2"(p) =0}
On U the coordinate vector fields

dzt’ " dan’

form a basis of T,R™ for each p € U.



CHAPTER 4. SUBMANIFOLDS AND TRANSVERSALITY 78

Let (u',...,u") be the standard coordinates on R™. Then on U we can write

R )

ord — oz Out’

Define a smooth map

O:U xR" — p(U) xR"

by
O(p,v) = (:Ul(p), oz (p), (v, %), oy (v, a%))

In product coordinates (p,v) the differential has block form

A 0
D(D(p,’l)) = (* A_1> s

where A = (92" /0u’); ; is the Jacobian of u + x(u). Since ¢ is a local diffeomorphism, A is
invertible, hence D®,, ) is invertible. So ® is a local diffeomorphism.
We claim that @ is injective. If ®(p,v) = ®(p/,v’), then

so p = p’ by injectivity of . For this p,

(1),821) = <v',£i>, i=1,...,n,

so v = v’ because the 9/0z" form a basis of T,R™. Thus @ is injective and defines a smooth
coordinate chart on U x R".
Now (p,v) € NM iff:

" (p) = =a2"(p) =0, @7821.):0(@':17,”,77@),
Hence, writing
a1 1 _ )
‘I)(p,’U) - (33‘ I ’xn’w ’ awn)v ,wz - <U7 8xi>’
we have
(p,v) e NM < 2™l =...=2"=0, wl= .. =w"=0
Thus
@D(NMQ(UX]R”)) :{((L’,w):merl:'u::L’n:O’ wlz,”wm:OL

a linear subspace of p(U) x R™, hence an embedded submanifold.
Therefore NM is an embedded submanifold of TR". O]
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4.12 Tubular neighborhoods

Let M C R™ be an embedded m—dimensional submanifold. Its normal bundle
NM ={(z,v) e R"xR":2 e M, v L T, M}
is an embedded submanifold of TR™ = R™ x R". Define the (normal) exponential map
E:NM — R", E(z,v) =z +wv.
This is smooth because it is the restriction of the addition map on R” x R™.

Definition 4.53. A tubular neighborhood of M is an open set U C R"™ for which there exists
an open subset
V ={(z,v) € NM : |v| < §(z)}

with 0 : M — (0, 00) continuous, such that E|y : V — U is a diffeomorphism.

Theorem 4.54 (Tubular Neighborhood Theorem). Every embedded submanifold M C R"
admits a tubular neighborhood.

Proof. Let My = {(x,0) : x € M} be the zero section of NM. We first show that E is a local
diffeomorphism near Mj.
Fix z € M. On M, the restriction

E|py 2 My — M, (2,0) — x
is a diffeomorphism, so its differential
dE 0y : T(w,0)Mo — T M
is an isomorphism. On the other hand, the restriction of E to the fiber N, M is the affine map
N, M — R", w— T+ w,
whose differential at w = 0 is the identity on N, M. Thus
dE(30) : T(w0)(NeM) — N M

is also an isomorphism.
Since E restricts to a diffeomorphism My — M along the zero section My = {(z,0) : x € M},
its differential

dE(x,O) : T(x,O)MO — T, M
is an isomorphism. Similarly, the restriction of F to the fiber N, M is the affine map w — z 4w,
whose differential at 0 is the identity on N, M. Hence
dE(m,O) : T(%O)(NxM) — N M

is also an isomorphism.
Now set
Vi= T(l.jo)MQ, Vo = T(%O)(NIM) C T(z,O)NM'
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Since My and the fiber directions meet transversely in NM at (x,0), we have
VinVy ={0}, dim V) = dim T, M = m, dim Vo =dim N, M =n —m.
Because dim T, oyNM = n = dim V; + dim V%, it follows that
T NM =Vi & Vs,

Choose a basis of T{, 0)IN M consisting of a basis of V; followed by a basis of V3, and choose
a basis of T,R" consisting of a basis of T, M followed by a basis of N,M. With respect to
these adapted bases, the matrix of

dE(x,O) : T(x’O)NM — Tan

A 0
dE(x,O) = (0 B> 9

A= dE(x,O)|V1 : V1 — TxM, B = dE(x70)|V2 : V2 — NxM.

has block diagonal form

where

Both A and B are linear isomorphisms by the discussion above, hence the entire block diagonal
matrix is invertible. Thus dE(, o) is a linear isomorphism.

By the inverse function theorem, E is a local diffeomorphism at (z,0).

Since N M is a vector bundle, we have a direct sum decomposition

T(a0)NM = T(.0)Mo & Ty 0) (N M),

and similarly
T,R" =T,M & N, M.

By the preceding discussion, dE; o) maps each summand isomorphically onto the corresponding
summand, hence is an isomorphism T{, g)NM — T,;R". By the inverse function theorem, £ is
a local diffeomorphism at (z,0).

Therefore, for each x € M there exists d > 0 such that

E:Vs(z) = E(Vs(x))
is a diffeomorphism, where we may take
Vs(z) :=={(2',v") e NM : |z — 2’| < 6, || < 4}
For each x € M, define
p(x) :=sup{d € (0,1] : Ely;(y) is a diffecomorphism onto its image}.
The local argument above shows p(z) > 0 for all . To see that p is 1-Lipschitz, fix x,2’ € M

and assume |z — 2’| < p(z). Set § := p(z) — [z — 2| > 0. Then Vs(z') C V,(;)(x), so E is a
diffeomorphism on Vs(z'), hence p(z’) > § and

pla) - pla’) < |a — .
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If | — 2’| > p(x) this inequality is trivial. Exchanging = and ' gives p(z’) — p(x) < |z — /|, so

p(x) = p(a)] < | — 2]
Now set
V= {(z,v) € NM : |v| < 3p(z)}.
We claim that F is injective on V. Suppose (z,v), (2/,v") € V satisty E(z,v) = E(a',v'), i.e.
x+v=1a"4v" Then

o — 2| = [o /| < o] + [o/] < 3p(z) + 3pla').

Without loss of generality assume p(z’) < p(x). Then
v — /| < pla),
so both (z,v) and (2',") lie in V(). By definition of p(z), E is injective on V,,,(x), hence
(x,v) = (2/,v). Thus E is injective on V.
Finally, let U := E(V) C R™. Since F is a local diffeomorphism and V is open, U is open

and

FE |V VU
is a bijective local diffeomorphism, hence a global diffeomorphism. By construction, V is of
the form {(z,v) : |v| < §(x)} with d(z) = 1p(z), so U is a tubular neighborhood of M. O

Proposition 4.55 (Existence of a smooth retraction). If U is any tubular neighborhood of M,
then there exists a smooth map
r:U—M

which is a retraction (r|pr = idpr) and a smooth submersion.
Proof. Write U = E(V) with
V ={(zx,v) e NM : |v| < (z)},
and Ely : V — U a diffeomorphism. Let myas : NM — M be the bundle projection (z,v) — .

Define
r=naymo (Ely)™t:U— M.
Then r is smooth and r(z) = x for all z € M, so r is a retraction. Moreover, Ty is a

submersion, and (E|y/)~! is a diffeomorphism, so r is a submersion as well. O

Proposition 4.56 (Existence of a smooth retraction). If U is any tubular neighborhood of M,
then there exists a smooth map
r:U—M

which is a retraction (r|pr = idpr) and a smooth submersion.
Proof. Write U = E(V') with
V={(zx,v) e NM : |v| < (z)},
and Ely : V — U a diffeomorphism. Let myps : NM — M be the bundle projection (z,v) — .

Define
rI=TNMO (E|V)_1 :U — M.

Then r is smooth and r(z) = x for all z € M, so r is a retraction. Moreover, Ty is a
submersion, and (E|/)~! is a diffeomorphism, so r is a submersion as well. O
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4.13 Whitney approximation theorem

Earlier we proved the following approximation result for real-valued functions: if M is a smooth
manifold, f: M — R is continuous, and € > 0, then there exists a smooth function g : M — R
such that |f(z) — g(z)| < e for all x € M. The same argument, using partitions of unity and
convolution in coordinate charts, shows more generally:

e For a continuous map f : M — R™ and a positive continuous function € : M — (0, 00),
there exists a smooth f: M — R" with

|f(x) = f(z)|| <e(x) forall z e M.

e If A C M is closed and f is already smooth on a neighborhood of A, then f can be chosen
to agree with f on a (possibly smaller) neighborhood of A.

The vector space structure of R™ is crucial in that proof, since we multiply by cut-off
functions and sum.

Using the Whitney embedding theorem and the tubular neighborhood theorem, we can
now generalize this approximation result to maps with values in an arbitrary manifold.

Theorem 4.57 (Whitney Approximation Theorem). Let M and N be smooth manifolds and
let f: M — N be a continuous map. Then f is homotopic to a smooth map g: M — N.
Moreover, if A C M is a closed subset and f is smooth on a neighborhood of A, then g can

be chosen so that g = f on A, and the homotopy from f to g is stationary on A (i.e. relative
to A).

Proof. By the Whitney embedding theorem, we may assume that N is a properly embedded
submanifold of some Euclidean space R"; that is, we view N as a closed embedded submanifold
N C R™
By the tubular neighborhood theorem, there exists an open neighborhood U C R™ of N
and a smooth map
r:U—N

which is a retraction, i.e. r(z) = x for all z € N.
For each x € N, define

d(z) :=sup{e € (0,1] : B(z,e) C U},

where B(x,¢) is the open Euclidean ball of radius e centered at x. A triangle-inequality
argument exactly like the one used in the proof of the tubular neighborhood theorem shows
that

|6(x) —0(2')| < ||z —2/|| for all z,2" € N,

so 0 : N — (0,1] is 1-Lipschitz in particular continuous.
Now consider the original continuous map f: M — N C R". Set
d:=20o0f:M—(0,1].

By the approximation result for R"—valued maps, there exists a smooth map f : M — R™ such
that

I1£(p) — f(p)I| < 6(p) = 6(f(p)) forallpe M,
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and such that f = f on a neighborhood of A (since f is smooth near A by assumption).

For each p € M, the inequality || f(p) — f(p)|| < 6(f(p)) means precisely that f(p) lies in
the ball B(f(p),d(f(p))), and by definition of ¢ this ball is contained in U. Since U is convex
along the line segment between f(p) and f(p), we have

(1—t)f(p) +tf(p) €U forallte[0,1].
Define a homotopy H : M x [0,1] — N by

H(p,t) = r((1—t)f(p) +tf(p)).

This is well-defined because the point inside r(-) lies in U for all ¢. The map H is continuous
(and smooth in p for each fixed t > 0) as a composition of continuous maps. We have

H(p,0) =r(f(p) = f(p),  H(p,1)=r(f(p)) = g(p).

Thus H is a homotopy from f to g :=1r1o0 f
_ The map g is smooth, being the composition of the smooth maps r : U — N and
f: M — R™ and it takes values in N. Moreover, on a neighborhood of A we have f = f and

f(p) € N,sor(f(p)) = f(p); hence
H(p,t) =r((L—1t)f(p) +tf(p)) =r(f(p)) = f(p)

for all p near A and all ¢ € [0,1]. In particular, g(p) = f(p) for all p € A, and the homotopy is
fixed on A.
This proves the theorem. ]

4.14 Smooth homotopy and topological homotopy

Let M and N be smooth manifolds. A homotopy H : M x I — N is called a smooth homotopy
if H is a smooth map, in the sense that it extends to a smooth map on some open neighborhood
of M x I in M x R. Two smooth maps f,g : M — N are said to be smoothly homotopic if
there exists a smooth homotopy from f to g.

We now prove that smooth homotopy is equivalent to ordinary homotopy for smooth maps.

Theorem 4.58. Let M and N be smooth manifolds, and let f,g: M — N be smooth maps. If
f and g are homotopic as continuous maps, then they are smoothly homotopic.

Proof. Let H : M x I — N be a (continuous) homotopy from f to g. Define an extended map

H:MxR— N

by
f(z), t<0,
H(x,t) = H(x,t), 0<t<1,
g(z), t>1.

Then H is continuous, and for every § > 0 it is smooth on a neighborhood of

M x (—o00,—60] U M x [1+6,00),
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since there it is equal to the smooth maps f and g.

Apply the Whitney approximation theorem to the continuous map H : M x R — N. Fix
§>0andlet A:= M x ((—o0, =] U[1+d,00)). Then H is smooth on a neighborhood of A,
so Whitney’s theorem yields a smooth map

H:MxR— N

such that H = H on A.
In particular,

H(z,—6) = H(z,—-0) = f(z),  H(z,1+6)=H(z,1+6) = g(x).

Restrict H to the compact interval [—d, 1 + ¢] and reparameterize it linearly to obtain a smooth
homotopy
K:MxI—N

from f to g.
Thus f and g are smoothly homotopic. O

4.15 The transversality homotopy theorem

Theorem 4.59 (Parametric Transversality Theorem). Suppose N, M, X, and S are smooth
manifolds. If the smooth map f: N x S — M is transverse to the smooth map g : X — M,
then for almost every s € S, the map

fs: N —= M, fs(n) := f(n,s),
1s transverse to g.
Proof. Since f is transverse to g, the fibre product
W:=(Nx8)xyX={(n,s,z) e NxSxX:f(n,s)=g(z)}
is a smooth manifold. Let
T W = N xS, mo W — X

be the projection maps, so that f om; = g o ms.
Let
p1: N xS — N, pr:NxS§S—8S

be the standard projections. Define
h::pgom‘w W= 5.

By Sard’s theorem, for almost every s € S, the point s is a regular value of h.

Fix such an s € §. We claim that f, is transverse to g.

Let (n,z) € N x X satisfy fs(n) = g(x) =: m, and write w = (n,s,z) € W. Since s is a
regular value of h, the map h is transverse to the submanifold S D {s}, which means that

d(m1)w(TwW) + T(n,s) (N x{s}) = T(n,s) (N xS). (4.2)
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On the other hand, the assumption that f is transverse to g means that
dfn,5) (Tin,s) (N % S)) + dga(ToX) = T, M.
Using fom = gomy on W, we get
df(n,s) © d(m1)w(TwW) = dga © d(m2)w (T W).
Now apply df, s to (4.2),
dgz © d(m2)w(TwW) + df(n)(TuN) + dge(TpX) = Trn M.
Since dg, o d(72)w(TwW) C dg. (T X), the previous equation simplifies to
Af (n,s)(TuN) + dgo (T X) = T, M.
But df 5,6l ~n = d(fs)n, hence
A(fs)n(TulN) 4 dga2 (T X) = T M,

which is exactly the transversality condition for fs and g at (n,z).
Therefore fs is transverse to g for almost every s € S. O

Theorem 4.60 (Transversality Homotopy Theorem). Let N, M, and X be smooth manifolds,
and let g : X — M be a smooth map. Then for any smooth map f : N — M there exists a
smooth map h : N — M such that h is homotopic to f and h is transverse to g.

Proof. By the Whitney embedding theorem, we may regard M as a properly embedded
submanifold of some Euclidean space R¥. Let U C R¥ be a tubular neighborhood of M, and let

r:U—M

be the corresponding smooth retraction, which is also a smooth submersion.
As in the proof of the Whitney approximation theorem, for each x € M define

d(z) :=sup{e € (0,1] : B(z,e) C U},
so that 0 : M — (0, 1] is continuous. Choose a smooth function
e: N — (0,00)

such that
0<e(p) <d(f(p)) forallpe N.

Let S = B¥ ¢ R* be the open unit ball, and define
F:NxS— M, F(p,s) ::r(f(p)+5(p)s).
This is well-defined: for each (p,s) € N x S we have

lelp)s|l <elp) <d(f(p)),
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so f(p) +e(p)s € B(f(p),d0(f(p))) C U, and hence r(f(p) + £(p)s) is defined. Clearly F' is
smooth, and

F(p,0) =r(f(p) = f(p),

so Fy = f, where Fy(p) := F(p,s).
We claim that F' is transverse to g : X — M. In fact, we show that F' is a submersion. Fix
(p,s) € N x S and set y := f(p) +e(p)s € U, m := F(p,s) =r(y) € M. The differential of F’

at (p,s) is
dF(p,s) = dry 0 d®, ),

where
O:NxS—U, ®(p, s) = f(p) +e(p)s.

The partial derivative of ® in the s—direction is the linear map

. ~ ok k ~ mk
d(ID(pys)‘{O}X:FSS.TSS:R — T,RF =R v e(p)y,

which is an isomorphism. Since dr, : T,U — T,, M is surjective (because r is a submersion), it
follows that the composition

d®(p,s)

7.8 7,0 2% 7, M

is also surjective. Thus dF{,, is surjective, so F' is a smooth submersion and therefore
transverse to g:

dF.s) (Tip.sy(N % 8)) = T M S dg, (T, X)

whenever F(p, s) = g(z) = m.
Now apply the Parametric Transversality Theorem to the maps

F:NxS—M, g: X — M.
Since F' is transverse to g, the theorem implies that for almost every s € S, the map
Fs:N— M,  Fyp):=F(p,s),

is transverse to g.
Choose such an sy € S. Then h := Fj is smooth and transverse to g. Moreover, f and h
are smoothly homotopic via the homotopy

H:NxI—M,  H(pt):=F(ptsy).

Indeed, H(p,0) = F(p,0) = f(p) and H(p,1) = F(p, s0) = h(p).
Thus we have found a smooth map A homotopic to f and transverse to g, as required. [J



Chapter 5

Vector Fields, Flows, and Lie Brackets

We now develop the basic calculus of vector fields on a smooth manifold. We begin with vector
fields as sections of the tangent bundle and as derivations of the algebra C>°(M). We then
study vector fields related by smooth maps, the Lie bracket, integral curves and flows, and
finally the rectification of vector fields and the local structure of several commuting flows.

5.1 Vector fields and derivations

Let M be a smooth manifold. Formally, a (smooth) vector field on M is a section of the
tangent bundle 7 : T"M — M, that is, a smooth map

X:M—>TM

such that m o X = idjs. Following Lee’s notation, we usually write X, € T, M for the tangent
vector at p given by X(p), so a vector field assigns to each point p € M a tangent vector
X, € T,M.

As usual, we restrict attention to C'°° objects: we say that a vector field X is smooth if the
section X : M — T'M is a smooth map of manifolds.

Just as we have local immersions and local submersions, we can also define local vector
fields: If U C M is an open set, a vector field on U is a smooth section of the restricted bundle

7T|TU:TU—>U,

that is, a smooth map X : U — TU with m o X = idy. In other words, a local vector field is
simply a vector field defined on an open subset of M.

The support of a vector field X is defined to be the closure of the set of points where X
does not vanish:

supp X = {p e M : X, # 0}.

We say that X is compactly supported if its support is a compact subset of M.
At first sight these definitions may look somewhat formal. To better understand them, let
us look at the local coordinate description. Recall that for a chart

(U, ) = (U, (z},...,2™))

87
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on M, we can define an induced chart on T'M by
(nH(U), 9),
where
o(p,v) = (xl(p), ozt vm) e R?™,
and we write the tangent vector v € T, M in the form
8ZIIi P

V= v
i=1

In this local picture, a section X : U — T'U can be written in coordinates as
poXop l:ipU)— U)xR™, (z,...,2™)— (:nl,...,:Cm,Xl(:L‘),...,Xm(x)),

where X! ... X™ are smooth functions on ¢(U) (equivalently, on U) giving the components
of X in this chart.
Using our previous coordinate vector convention, we write

0

Xy = X0) | . X) = X)),

We call the functions X', ..., X™ the component functions of X in the chart (U, ).

Thus, once we equip T'M with the atlas induced from that of M, a smooth vector field is
completely described by its component functions in each chart, subject to the usual compatibility
conditions on overlaps. More concretely, suppose

(U790:($17"'ﬂxm))7 (V7¢:(y17--~7ym))

are two overlapping coordinate charts, and the corresponding component functions of a vector
field X are {X'} in the z-coordinates and {Y7} in the y-coordinates. Then on U NV we have

0 ;0

X=X_—=Yy/—
ox? oyl’

so the components are related by the usual change-of-coordinates formula

j _ vi oy’
Y'I=X el

Thus, a smooth vector field on M may equivalently be described by a collection of smooth
component functions in each chart whose domains form a cover of M, subject to the familiar
coordinate transformation law above. This gives a complete coordinate description of smooth
vector fields on a manifold.

Let us look at two simple examples. Given a coordinate chart (U, o = (x!,...,2™)) on M,
we obtain the coordinate vector fields

i U —TU,
ox*
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which are local vector fields on U.

As a second example, recall from the coordinate description of vector fields that on Euclidean
space R™ our definition reduces to the familiar notion from multivariable calculus. Thus all
the vector fields one encounters in basic analysis are special cases of the present definition. In
particular, R™ carries the position vector field (called the Euler vector field in Lee), given in
coordinates by 5
1 m

921 + 4z Erer

Before continuing, we record a convention that we will use frequently. Throughout these
notes we adopt the Einstein summation convention: whenever an index appears once upstairs
and once downstairs, we implicitly sum over that index. For example,

.0
X=X -
ox*

Ve==x

0
‘ oxt’
Next we introduce a slight generalization of the notion of a vector field. Let f: M — N be
a smooth map between smooth manifolds. A smooth map

m
means X = ZXi
i=1

X: M — TN satisfying moX = f

is called a wvector field along f. In the special case where M is a submanifold of N and f is
the inclusion ¢ : M — N, we call such an X simply a vector field along M. As an extreme
example, if M consists of a single point ¢ € N, then a vector field along the inclusion M «— N
is just a tangent vector in T;N.

We now prove a basic fact.

Given a smooth manifold M, a point p € M, and a tangent vector v € T,M, there
exists a smooth vector field X on M such that X, = v.

Proof. Choose a coordinate chart (U, ¢ = (x!,...,2™)) around p. In these coordinates, we
may write

0

%
V=" -
aQTZp

for suitable real numbers v’. Since the coordinate vector fields 6?52' are defined on all of U,

choose a bump function 7 : M — R supported in U such that n(p) = 1. Define a vector field

X =nv' on U, X=0 on M\U.

oxt
This yields a smooth vector field on M satisfying X, = v. O

Let X(M) denote the set of all smooth vector fields on M. This is a vector space over R
with pointwise addition and scalar multiplication:

(@X +bY), = aX,+bY,.
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More importantly, X(M) is a module over the ring C*°(M) of smooth real-valued functions on

M. For f € C*°(M) and X € X(M), define

(fX)p = f(p) Xp.

Using the local coordinate description of vector fields, it follows immediately that fX is again
a smooth vector field on M, so fX € X(M). Thus X(M) naturally carries the structure of a
C*°(M)-module.

We now adopt another point of view on vector fields. Recall that a tangent vector v € T, M
can be defined as an R-linear functional

v:C%(M)—R
satisfying the Leibniz rule

v(fg) = f(p)v(g) + gp)v(f)  forall f,g € C(M).

If X € X(M) is a smooth vector field, then for each p € M the value X, is a tangent vector at
p, hence a derivation at p in the above sense. We may therefore define, for every f € C°(M),
a new function X f: M — R by

(X)(p) == Xp(f)-
In local coordinates we have
0 af
oxt oxt’
so X f is again a smooth function. Thus every smooth vector field X € X(M) gives rise to a
map

X=X =  Xf=X

X :C®(M) — C™®(M), f— Xf.

Proposition 5.1. For any smooth vector field X € X(M), the associated map X : C>°(M) —
C*(M) satisfies:

1. X is R-linear:

X(af+bg) =aXf+bXg for alla,b e R, f,ge C®(M).
2. X satisfies the Leibniz rule:
X(fg)=fXg+gXf  forall f,gcC™(M).

Proof. Fix p € M. The map X, : C*°(M) — R is a tangent vector at p, hence by definition an
R-linear map satisfying the Leibniz rule at p. Thus

(X(af +b9))(p) = Xp(af +bg) = aXp(f) +bXp(9) = (a X f+bXg)(p),

which proves the linearity of X pointwise, and hence globally.
Similarly,

(X(f9))(p) = Xp(fg) = f(p) Xp(g9) + 9(p) Xp(f) = (f Xg+ 9 Xf)(p)

for all p € M, which shows the Leibniz rule holds as an identity of functions. O
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Remark 5.2. In algebra, a map D : A — A on an algebra A is called a derivation if it is
linear and satisfies the Leibniz rule

D(ab) = aD(b) + bD(a).

In our setting, if the target is R and the Leibniz rule involves evaluation at a fixed point p (as
above), then derivations C*°(M) — R are precisely tangent vectors in T,M. If the target is
C*°(M) and we have the global Leibniz rule

D(fg) = fDg+gDf,

then such derivations C*°(M) — C*°(M) will turn out to be exactly smooth vector fields on
M.

We now show that this derivation property can in fact be taken as the definition of a vector
field.

Proposition 5.3. A map D : C*°(M) — C*>°(M) is a derivation (i.e. R-linear and satisfying
D(fg) = fDg+ gDf for all f,q) if and only if there exists a smooth vector field X € X(M)
such that

Df=Xf forall feC™®(M).

In other words, derivations of C°°(M) are in one-to-one correspondence with smooth vector
fields on M.

Proof. The "if" direction has already been proved: given a smooth vector field X, the map
f+— X f is a derivation by the previous proposition.
For the converse, suppose D : C*(M) — C*°(M) is a derivation. For each point p € M,
define
Dy: C¥(M) =R, Dy(f) = (DF)(p).

Each D, is R-linear and satisfies the Leibniz rule

Dy(fg) = f(p) Dp(9) + 9(p) Dp(f),

so D, is a derivation at p, hence a tangent vector in 7T),M. Thus we obtain a map

X:M-—TM, X,:=D,.
Fix a coordinate chart (U, = (z!,...,2™)) on M. By the coordinate description of
tangent vectors from the coordinate description of tangent vectors proved in the previous
chapter, for each p € U there exist unique real numbers X*(p), ..., X™(p) such that

D) = X'p) P ) forall f € (),

In other words,

0

ox’ P

Xp = Xz(p)
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We claim that each coefficient function X*: U — R is smooth. Let K € U be a compact
subset of U. Choose a bump function n € C*°(M) such that n =1 on K and suppn C U. For
each ¢ define

fir=mna.
Since f; is smooth and has support in U, the function Df; is smooth on M. For p € K we
have n(p) =1 and dn, = 0, so

ofi 9 ;
ag‘fj (p) = 5.7 (") (p) = 35

Hence, using the formula for D, in coordinates,

B o .
(DR)() = Do) = X7(p) 524(p) = X () 6 = X'(p).
Thus on K we have ‘
X' = DfZ‘Kv

and since Df; is smooth, the restriction X*| is smooth. Because K € U was arbitrary, we
conclude that each X’ is smooth on U.
Therefore, in every coordinate chart (U, x") we can write

0

X’U =X Oz

with smooth coefficient functions X*, so X is a smooth vector field on M. Finally, by
construction

(Df)(p) = Dp(f) = Xp(f) = (X[)(p) forallpe M, feC®M),
so Df = X f as functions. This completes the proof. O

Proposition 5.4 (Locality of derivations). Let D : C*°(M) — C*°(M) be a derivation. If
f,g € C®°(M) agree on an open set U C M, then

Df=Dg onU.
Equivalently, D(f — g) vanishes on U.

Proof. Let h := f —g. Then h = 0 on U. Choose a bump function n € C*°(M) such that
1> 0 on U and n = 0 outside a slightly larger open set containing U. Then nh = 0, so by the
Leibniz rule,

0 = D(nh) =nDh+ D(n) h.

On U we have h = 0, so the second term vanishes there, and hence n Dh = 0 on U. Since
n > 0 on U, it follows that Dh=0o0n U, i.e. Df = Dgon U. 0

We record a closely related locality statement for derivations.
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Proposition 5.5 (Restriction of derivations to open subsets). Let M be a smooth manifold
and let X : C°(M) — C®(M) be a derivation. For every open set U C M there exists a
unique derivation

X‘U :C®(U) = C(U)
such that for every f € C°(U), if we identify f with its extension by 0 to a compactly supported
function on M, then

X(f)‘U = X‘U(f)'

In other words, X ‘U 1s characterized by the property that its action on compactly supported
functions in U agrees with the action of X on their zero extensions to M. By abuse of notation,
we will often simply write X instead 0fX|U when the open set is clear from context.

Proof. Existence: Fix an open set U C M. For f € C*°(U) and p € U, choose a smooth
function f € C°°(M) such that f = f on some neighbourhood of p. Using the locality of X
(proved earlier: if hy = hg near p, then Xhi(p) = Xha(p)), we may define

(X], N ) = X)),

and this is independent of the choice of f. Thus we obtain a well-defined map X ‘U :C®(U) —
C>(U).

Linearity and the Leibniz rule for X ‘U follow immediately from those of X, since near each
point p the value (X ‘U f)(p) is computed using an extension f and the derivation property of
X. By construction, if f € C2°(U) and we identify f with its zero extension to M, then we
may take f to be exactly this extension, and hence X‘U(f) = X(f)‘U.

Uniqueness: Suppose Y : C®°(U) — C*°(U) is another derivation with the stated property,
ie. Y(f) = X(f)‘U for all f € C*(U) (via zero extension). Let f € C>®°(U) and p € U.
Choose a bump function n € C2°(U) with n(p) = 1, and consider nf € C°(U). Then

(X], N ) = (X|,m))(p) = X(0f)(p),

while similarly
Y (f)(p) =Y (nf)(p) = X(nf)(p),
since 7 f has compact support in U and both X ‘U and Y agree with X on such functions. Thus

(X|,£)(®) = Y(£)(p) for all p, s0 X|,, = Y.

This proves existence and uniqueness of the restriction X }U' O

Remark 5.6. If one is willing to work directly in local coordinates, the existence of the
restricted derivation X |y is essentially immediate. Indeed, in a coordinate chart (U, z*) we
may write

. 0
X=X"—
oz’
so for any f € C*°(U) the expression
- Of
X = X' =
(Xlo)f Bt

is automatically a derivation on U, and clearly agrees with X on compactly supported functions
once we identify a function in C°(U) with its extension by 0 to M. Thus the restriction
property is completely transparent in coordinates.
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The coordinate-free proof above is more formal but makes the locality of derivations
conceptually clear: the construction of X |y depends only on the algebraic properties of D
and not on the choice of coordinates. Moreover, in proving the coordinate formula for tangent
vectors earlier, we have already used arguments of exactly this local algebraic nature.

5.2 Related vector fields and the Lie bracket

We now discuss the relationship between vector fields and smooth maps between manifolds. In
our earlier discussion of tangent spaces, we defined the differential (or derivative) of a smooth
map f: M — N: for each p € M there is a linear map

dpf : TpM — Tf(p)N,

which pushes tangent vectors at p forward to tangent vectors at f(p).

It is natural to ask whether f can push forward a vector field X on M to a vector field
on N. In general, the answer is no. First, f need not be surjective, so even if we define
Yy(p) := dpf(Xp), this only gives us a vector field on f(M) C N, not on all of N. Even if f is
surjective but not injective, we may have f(p1) = f(p2) = ¢ with dp, f(Xp,) # dp, f(Xp,), sO
there is no well-defined vector Y.

Even worse, the pushforward need not be smooth even when f is a smooth bijection. For
example, consider f : R — R given by f(x) = 2. Then f is a smooth bijection, but not a
diffeomorphism (its inverse is not smooth at 0). If we try to push forward the constant vector

field 8%, we obtain
9 O

dxf(é)aa) =3z oy = 3y%/3

0
oy’
where y = f(z) = #3. The coefficient 3y2/3 is not smooth at y = 0, so this is not a smooth

vector field on R.
Instead of trying to push forward arbitrary vector fields, we introduce a weaker notion.

Definition 5.7. Let f : M — N be a smooth map, and let X € X(M) and Y € X(N) be
vector fields. We say that X and Y are f-related if

dpf(Xp) = Yf(p) for all p e M.

Equivalently, X and Y are f-related if and only if for every ¢ € C*°(N) we have

Y)of = X(pof),

that is,
Yip(p) = Xp(pof) for all p € M and all ¢ € C*°(N).

In general there is no simple criterion to decide when two given vector fields are f-related.
However, diffeomorphisms occupy a special place in the category of smooth manifolds: they
are precisely the isomorphisms in this category, and hence should preserve all of the geometric

structures we consider. In particular, a diffeomorphism always allows us to push forward vector
fields.
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Proposition 5.8. Let f : M — N be a diffeomorphism. Then for every X € X(M) there
exists a unique smooth vector field Y € X(N) such that X and Y are f-related.

Proof. If Y is to be f-related to X, the defining condition forces
Y, = dffl(q)f(Xffl(q)) for each ¢ € N.

Thus there is at most one such Y, and the formula above shows how to define it:
-1
v:NIswm S rm LN,

Since f~!, X, and df are smooth maps and composition of smooth maps is smooth, it follows
that Y : N — T'N is smooth. Thus Y is a smooth vector field on N and is f-related to X by
construction. 0

In this situation we write Y = f, X and call Y the pushforward of X by f.

Another useful setting where we can understand the relation between vector fields is the
case of submanifolds. Let S C M be an embedded submanifold. For each p € S we have a
natural inclusion

1,5 C T,M,

coming from the differential of the inclusion map ¢ : S < M. (We identify 7,,S with its image
dpi(T,S) C TyM and simply write 1,5 C T,M.)

Definition 5.9. Let X € X(M) be a smooth vector field on M. We say that X is tangent to
S atpeSif X, € T,S. We say that X is tangent to S if X,, € T),S for every p € S.

The following characterization of tangency in terms of functions vanishing on S is very
useful.

Proposition 5.10. Let S C M be an embedded submanifold and X € X(M). Then X is
tangent to S if and only if

(Xf)‘s =0 forevery f € C(M) with f|s =0.

Proof. First suppose X is tangent to S. Let f € C°°(M) vanish on S. Then for=0o0n S, so
for any p € S and v € T},S we have

v(for)=0.
In particular, taking v = X, € T},5,

(X[)(p) = Xpf = Xp(f o) = 0.

Thus (X f)|s =0.

Conversely, suppose X € X(M) satisfies (X f)|s = 0 whenever f vanishes on S. Fixp € S
and consider the tangent vector X, € T,M. We claim X, € T},S. This is a local question,
so we may choose a coordinate chart (U, (z!,...,2™)) on M with p € U such that in these
coordinates

SNU={at=--.=zF=0}
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for some k. Write 9
P “ al‘l P

For each 1 < j < k, the coordinate function 27 vanishes on SNU, so by assumption (Xz7)(p) = 0.
But

(p) =a’.

. , O

Xz’ = X! =a' —

(Xa?)(p) = Xpa? = ai 0
Hence a’ = 0 for 1 < j < k, so X, has no components in the normal directions and therefore
lies in 7},S. Since p € S was arbitrary, X is tangent to S. O

If S C M is a submanifold, Y € X(M) is a vector field on M tangent to S, and X € X(5)
is a vector field on S, we say that X and Y are t-related, where ¢ : S < M is the inclusion, if

dpi(Xp) =Y, for all p € S.
In this case we will usually denote X by Y|s.

Proposition 5.11. Let S C M be an embedded submanifold, and let v : S — M be the inclusion
map. If Y € X(M) is tangent to S, then there exists a unique smooth vector field X € X(S5),
denoted Y|s, which is t-related to Y .

Proof. Define X,, € T},S for p € S by the requirement
dpi(Xp) = Y.

This is possible and unique since d,t : T,S — T,M is an injective linear map with image
T,S C TyM and Y, € T,,S because Y is tangent to S. Thus we obtain a map

X:58—=1T§, P X,

We already know that the composition

S TS TM

agrees with the restriction of Y : M — T'M to S, hence is smooth. Since T'S is an embedded
submanifold of T'M and X takes values in TS, it follows by the corresponding result proved
in the previous chapter that X : § — T'S is smooth. Therefore X is a smooth vector field
on S, and by construction it is t-related to Y. Uniqueness is clear from the defining relation
dpi(Xy) =Y. O

We now introduce the Lie bracket of vector fields. Let X and Y be two smooth vector
fields on a manifold M. Recall that we can equivalently view X and Y as derivations
X, Y :C®(M) — C*(M),
that is, as R-linear maps satisfying the Leibniz rule X (fg) = f Xg + g X f and similarly for Y.
Definition (Lie bracket). The Lie bracket of X and Y is the map
[X,Y]:C®(M) — C>®(M)

defined by
(X Y]f=X(Y[)-Y(X[), feC®M).

We will see that [X,Y] is again a derivation, hence comes from a unique smooth vector field
on M, which we also denote by [X,Y].
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Lemma 5.12. For smooth vector fields X,Y € X(M), the Lie bracket [ X,Y] defined above is
a derivation of C*°(M), i.e. it is R-linear and satisfies the Leibniz rule

(X, Y(fg) = fIX,Y]g+g[X.Y]f forall f,g € C*(M).

Proof. Linearity in f is immediate from the definition and the linearity of X and Y. It remains
to check the Leibniz rule. For f,g € C°°(M) we compute:

(X, Y](fg) = X (Y (fg)) - Y(X(f9))
=X(fYg+gY[)-Y(fXg+gX][)
=X(f)Yg+fX(Yg)+X(9)Yf+gX(Y/)

—(Y(NH Xg+fY(Xg)+Y(9) Xf+gY(X])).

Rearranging terms, we group those multiplied by f and those multiplied by g:

[X,Y](fg) = fF(X(Yg) =Y (Xg)) +g(X(Y ) - Y(X[))
+(X()Yg=Y(f) Xg) + (X(9) Y -Y(9) X ).

But the last two brackets cancel pairwise, since
X(f)Yg=Y(f)Xg=9(X(/)Y =Y (f)X)g =0,

and similarly for the other term (more concretely, they recombine to 0 by symmetry). What
matters is that the mixed terms arise in a symmetric way and cancel, leaving

which is exactly the Leibniz rule for [X,Y]. Thus [X, Y] is a derivation. O

Since derivations of C*° (M) are in one-to-one correspondence with smooth vector fields on
M, we may regard [X,Y] as a smooth vector field, called the Lie bracket of X and Y.

The Lie bracket has a simple coordinate expression which is very useful for computations.

Let (U, (z,...,2™)) be a coordinate chart on M, and write
9 9

X=X"— Y=Y"—

oz’ o’

on U (Einstein summation convention). Then we have the following formula.

Proposition 5.13. In local coordinates as above,

,0Y7 ,0X7N\ 0
X, Y] = (X ot -Y ot ) Oxd”
Proof. Let f € C*°(M), and compute on U:
_ i 9f _ i 9f
Xf_X(‘)x"’ Yf—Yaxi.
Then

XY f=X(Y'0f) = X70;(Y' 0, f)
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= X7 ((0;Y") 0, f + Y' 9;0:f),
YX[f=Y(X'0f) =Y9;(X"0;f)
=Y7((0;X") 0;f + X" 9;0:f),

9

where we write 0; for 57

and similarly for 9;. Subtracting,

X,Y]f=XYf-YXf
= (X7, = Y7 9;X") O0if + (XIY' = YIX") 00, f.

The second term vanishes because the second derivatives 0;0; f are symmetric in (¢, j) while
XIY* —YJ X" is antisymmetric. Thus

(X, Y]f = (X70;Y' - Y7 9;X") O:f.
Since this holds for all f, we obtain

(X, Y] = (X79;Y' — Y7 9;X") 88

xt’
as claimed (relabelling the dummy index if desired). O

In particular, for coordinate vector fields we have
g 0

(201,
ozt Ox?

Thus, if two vector fields have nonzero Lie bracket, then they cannot both be coordinate vector
fields in any common coordinate system.

Example. On R? with coordinates (z,y), let

0 0 0
A 2 "y

Then 9 9
= 7y — Ny — =

X Y] = (X0) =Y (X)) 5 = 5

so X and Y do not commute.

The Lie bracket enjoys several fundamental algebraic properties.

Proposition 5.14 (Basic properties of the Lie bracket). For all X,Y,Z € X(M) and f,g €
C>*(M), the Lie bracket satisfies:

(1) Bilinearity:
[aX +bY,Z] =a]X,Z]+b]Y, Z], [Z,aX +bY]=alZ, X]+b[Z,Y]
for all a,b € R.

(2) Antisymmetry:
(X,Y] = -V, X].
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(8) Jacobi identity:
(X, Y, Z]|+ Y, [Z,X]]+ [Z,[X,Y]] = 0.

(4) For f,g € C®°(M),
X, 9Y]=[fglX. Y]+ (fX9)Y - (gY[)X.

Proof. (1) and (2) follow immediately from the definition [X,Y]f = X(Y f) — V(X f) and the
linearity of X,Y.

For (3), it is convenient to think of vector fields as linear operators on C*°(M). Each
X € X(M) acts on smooth functions by

C*(M) — C*(M),  f— X,
and our Lie bracket is just the commutator of these operators:
(X, Y]=XoY -YoX.

(Here o denotes composition of operators, which is associative.)
We now compute the Jacobi expression using only linearity and associativity of composition.
For any three such operators X,Y, Z, we have

X, Y, 2| =X(YZ-2Y)- (YZ-2Y)X
=XYZ-XZY -YZX+ZYX,
V,[Z,X)|=Y(ZX - XZ) - (ZX - XZ)Y
=YZX-YXZ-ZXY +XZY,
(Z,X,Y]|=Z(XY -YX) - (XY -YX)Z
=ZXY -2YX -XYZ+YXZ.

To see the cancellation clearly, it is useful to tabulate the coefficients of each word in X,Y, Z:

word XYZ XZY YXZ YZX ZXY ZYX
(X, [Y,Z]] | +1 -1 0 -1 0 +1
Y, [Z, X]] 0 +1 -1 +1 -1 0
Z,[X,Y]]| —1 0 +1 0 +1 -1

sum 0 0 0 0 0 0

Each word in X, Y, Z appears with total coefficient 0, so
XY Z)| + [, [Z2, X]] + [Z,[X, Y]] = 0,

which is the Jacobi identity.
For (4), let h € C*°(M) and compute:

[fX,9Y]h = fX(gYh) —gY (fXh)
=f(X(9)Yh+gX(Yh)) —g(Y(f) Xh+ fY(XR))
= f9(X(Yh) =Y (Xh))+ fX(9)Yh—gY(f) Xh
= fg[X,Y|h+ (fXg)Yh — (gY f) Xh.

Since this holds for all h, we obtain the stated formula. ]
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Remark 5.15. When f =1 in (4), we obtain
(X, gY] =g[X, Y]+ (Xg) Y,

which looks like a Leibniz rule in the Y-slot; for this reason one often thinks of [X, Y] as the
Lie derivative of Y along X. Note that this is quite different from the derivative of a function:
to differentiate a vector field we need another vector field, whereas to differentiate a function
we only need a single tangent vector. In particular, even if X, = 0, it is not true in general
that [X,Y](p) = 0, whereas for functions we have (X f)(p) = 0 whenever X, = 0.

One might ask whether there is a natural way to differentiate vector fields using only a
tangent vector at a point, analogous to how we differentiate functions. This leads to the
notion of a connection. There is no canonical choice of connection on a general smooth
manifold, but once we add extra structure (a Riemannian metric, a Hermitian metric, or a
sub-Riemannian structure), there are often canonical connections: the Levi-Civita connection
in Riemannian geometry, the Chern connection in complex Hermitian geometry, and various
canonical connections in sub-Riemannian geometry (for example, the Tanno connection in
certain contact metric structures). By contrast, the Lie bracket depends only on the smooth
structure and is completely canonical.

Finally, we record how the Lie bracket behaves under smooth maps.

Proposition 5.16. Let f : M — N be a smooth map, and let X1, Xy € X(M) and Y1,Y3 €
X(N) be smooth vector fields such that X; is f-related toY; fori=1,2, i.e.

(df)p(Xi(p)) = Yi(f(p)) for allp € M.
Then [X1, Xs] is f-related to [Y1,Ya].
Proof. Recall that X being f-related to Y is equivalent to the identity
X(pof)=(Y¢p)of forall p € C°(N).

Using this for X; and Y;, we compute, for any ¢ € C*°(N),

(X1, Xo](¢o f) = X1(Xa(go f)) — Xo(Xi(do f))
= X1((Yag) o f) — X2((Y19) o f)
= (V1(Ya9)) o f — (Ya(Y19)) o f
= (1,Y2]9) o f.

This shows that [ X, Xs] is f-related to [Y7, Ya]. O

Corollary 5.17. Let F : M — N be a diffeomorphism, and let X1, Xo € X(M). Then
F.[X1,X5] = [F.Xq, F. X3,

where F, X denotes the unique vector field on N that is F-related to X .

Proof. By definition, F,X; is F-related to X; for i = 1,2. Applying the proposition with
f=F, X; as before, and Y; = F,. X;, we conclude that [X;, Xs] is F-related to [Fy. X1, Fi Xa].
By uniqueness of the F-related vector field, this means F[ X7, Xo] = [Fi. X1, Fi. X2]. O
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Corollary 5.18. Let M be a smooth manifold and S C M an embedded submanifold with
inclusion map v : S — M. Suppose X1, Xo € X(M) are tangent to S. Then [X1, Xs] is also

tangent to S, and
[X17X2HS = [X1

K X2‘5]7

where Xi‘s denotes the unique vector field on S that is t-related to X;.

Proof. Since X is tangent to .S, there exists a unique vector field Y; := Xi's € X(9) that
is t-related to X; for ¢ = 1,2. Applying the proposition with f = ¢, we see that [X;, Xo] is
-related to [V, Ya] = [X1|s, X2|s]. By the characterization of vector fields tangent to S via
t-related fields, this shows that [X7, X»] is tangent to S and that its restriction to S is precisely
[Xi]s, Xals]. O

5.3 Integral Curves and Flows

Let M be a smooth manifold and V' € X(M) a smooth vector field.

Definition 5.19 (Integral curve / trajectory). A smooth curve 7 : (a,b) — M is called an
integral curve (or trajectory) of V if for every t € (a,b) we have

V' (t) = dﬁﬁ(;t) = Vi)

You should already be somewhat familiar with this notion from ordinary differential
equations. Let us make the definition more concrete in local coordinates.
Choose a local chart (U, ) around a point of interest, with

o= (z...,2™): U = R™.

On U we can write 5
ox?’

If v: (a,b) = U is a curve, we set

V=V Vi, V™e C™().

Then

On the other hand,
, 0
Vi = Vi), ..., y™(t o .
(8) (v (t) 7" (t)) 92 1)
Thus the condition that - is a trajectory of V' is equivalent to the system of ordinary differential
equations

(’yi)'(t) :Vi(’yl(t),...,’ym(t)), i1=1,...,m.
In vector notation we can write

(1) = V(o (1)).
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This is precisely the simplest type of first-order autonomous ODE system. Therefore, studying
trajectories of a vector field on a manifold amounts to studying autonomous ODEs in local
charts.

Note that our ODE system does not depend explicitly on ¢t. As in the usual ODE theory,
one useful fact that follows directly from the definition is the following “translation lemma”.

Lemma 5.20 (Translation lemma). Let «y : (a,b) — M be a trajectory of V. Fix tg € R such
that (a —to,b —to) C R. Define

5 :(a—to,b—tg) = M, F(t) = y(t +to).
Then 7 is again a trajectory of V.
Proof. Let 7 : (a — to,b — to) — (a,b) denote the translation
T (t) ==t + to.

Then 74 = 7 o 7', We compute the derivative using the chain rule:

F(t) =d(yor™) (%) = dyrto 1) (thtO (%))

Since 7% is just a translation of R, its differential is the identity:
0 0
de 0 (—) = —.
ot ot

(1) = dye (o) = 7 (7(0)

Hence

But v is a trajectory of V, so

V(T (1) = Vyrrory) = Vagey-

Therefore 7'(t) = V54 for all £, i.e. 7 is again a trajectory of V. O

To proceed further, we collect the ODE facts we need into the following lemma.

Lemma 5.21 (ODE-theory lemma). Let V' € X(M) be a smooth vector field and p € M. Then
there exist open sets Uy, U C M and a number € > 0 such that

pelUyCU,

and a smooth map

0:(—c,e) xUy—U
with the following properties:
1. For each q € Uy, the curve
Vg : (—e,6) = U, (t) :==06(t, q)

is a trajectory of V. with v4(0) = q.
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2. If 7 : (a,b) — U is any other trajectory of V with 0 € (a,b) and ¥(0) = q € Uy, then
() = v4(t) for allt € (a,b) N (—¢,¢).

Sketch of proof. Choose a local chart (U, ¢) around p. In coordinates, V' becomes a smooth
vector field on an open subset of R™ and the integral curves of V' are solutions of a smooth
autonomous ODE system ~

7(t) =VQAE®).
By the standard existence, uniqueness, and smooth dependence on initial conditions for ODEs
in R™, there exist:

e an open neighborhood Uy C U of p,
e a number € > 0,

e and a smooth map

0:(—¢c,e) x p(Up) = o(U)

such that for each z € ¢(Up), the curve t — 6(t,z) is the unique solution of the ODE with
initial condition #(0,z) = z.

Transporting this construction back to M via the chart ¢ gives the desired map 6 with
properties (1) and (2). O

We now use Lemma 5.21 to derive some global consequences on the manifold.

Proposition 5.22 (Uniqueness of trajectories). Let ~; : (a;,b;) — M, i = 1,2, be trajectories
of V. Assume there exists to € (a1,b1) N (az,b2) such that

Y1(to) = 72(to)-

Then
Y1 (t) = y2(t)  for all t € (a1,b1) N (ag,bs).

Proof. Set
I:= (a1,b1) N (az,b2), S={tel:m)=(@)}

By assumption, tg € S, so S is nonempty.
First, S is closed in I. Indeed, if (¢,) is a sequence in S with ¢, — ¢t € I, then by continuity
of v1 and 2 we have

n(t) = lim yi(tn) = lim y2(tn) = 72(2),

soteSs.

Next, S is open in I. Let t € S, and put q := v1(t) = y2(t). Apply Lemma 5.21 at the
point ¢ and time ¢ (using the translation lemma to shift the time origin if needed): there exists
e > 0 such that on the interval (¢t — €,¢ + ¢) there is a unique trajectory of V' passing through
g at time ¢t. Both ; and 9 are such trajectories, hence they must coincide on (t —e,t+¢) N 1.
Thus (t —e,t+¢) NI C S, which shows that S is open in I.

We have shown that S is nonempty, open, and closed in the connected interval I, so S = 1.
Hence v1 = 5 on [. [
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Definition 5.23 (Maximal trajectory). A trajectory v : I — M of V is called mazimal if its
domain I C R cannot be strictly enlarged while keeping ~ a trajectory. That is, there is no
trajectory 7 : J — M with I C J and 7|7 = 7.

Proposition 5.24 (Existence and uniqueness of maximal trajectories). Let to € R and p € M.
Then there exists a unique maximal trajectory

v Imax & M
of V' such that v(to) = p.
Proof. Consider the collection C of all trajectories

Yo i Lo > M

such that ¢ty € I, and v, (t9) = p. By Proposition 5.22, any two such trajectories agree on the
intersection of their domains: if ¢ € I, N I3, then v, (t) = v5(t).
Define
Imax == UIa CR,
[e%

and define a map v : Ipax — M by
Y(t) :=4(t) for any o with ¢ € I,.

This is well-defined because whenever ¢ € I, N I3 we have v,(t) = v3(t).

By construction, v is a trajectory of V' (locally it coincides with some 7, ) and satisfies
v(to) = p. Moreover, if 4 : J — M is any trajectory with tg € J, 3(tg) = p, and Ipax S J,
then 4 belongs to the family C and hence J C Iax, a contradiction. Thus I,.x cannot be
strictly enlarged, so ~ is maximal.

Uniqueness follows from Proposition 5.22: if 1 : [y — M and 5 : Io — M are maximal
trajectories with ~v1(t9) = 72(t9) = p, then 71 = 72 on I} N Iy, and maximality forces
Iy = I3 = Iyax and 71 =72 [

5.3.1 An Example and Completeness

Let us look at a simple example. Consider M = R and the vector field
0
V=2>_—
T oz
so the integral curves satisfy the ODE

If we look for an integral curve with initial condition (0) = 1, we can solve this ODE explicitly.
Separating variables gives

SO
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Using v(0) = 1 we find C = —1, hence

L, 1 = L
Y(t)

This solution is defined as long as 1 — ¢ # 0, i.e. on the interval (—oo, 1). One checks that this
is indeed the maximal interval of existence of the integral curve with v(0) = 1.

This example shows that, in general, the maximal domain of an integral curve need not be
all of R; solutions may blow up in finite time.

In many applications, however, it is very convenient if the integral curves of a vector field
exist for all times ¢t € R. This motivates the following definition.

Definition 5.25 (Complete vector field). Let V' € X(M) be a smooth vector field. For each
p € M let
Yo : DP) 5 M

denote the maximal integral curve of V with 4,(0) = p, where D) C R is its maximal domain
of definition. We say that V' is complete if

DP) =R for every p € M.

The next lemma gives a useful criterion for detecting incompleteness: if a maximal integral
curve cannot be extended beyond some finite time, then it must “escape to infinity” in the
sense that it eventually leaves every compact subset of M.

Lemma 5.26 (Escape lemma). Let V € X(M) and let v : (a,b) — M be a mazimal integral
curve of V- with v(0) = p. Suppose that b < co. Then for any compact set K C M and any
to € (a,b), we cannot have

V([to, b)) C K.

In other words, as t — b~ the curve y(t) leaves every compact subset of M.

Proof. Assume for contradiction that there exist a compact set K C M and ty € (a,b) such
that
([to, b)) C K.

For each ¢ € [tp, b) consider the set

Ky :=~(t,b)) C K.

Each K} is nonempty, closed, and contained in the compact set K, hence compact. Moreover,
if t1 < to then

7([t27 b)) C /Y([tl? b)) = K, C Ky,
so the family (Kt)te[to,b) is nested and decreasing. By the finite intersection property for

compact sets, the intersection
AR

tE(to,b)

is nonempty. Let ¢ be a point in this intersection.
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We now apply Lemma 5.21 (the ODE-theory lemma) to the vector field V' at the point q.
There exist open sets Uy C U C M with ¢ € Uy and a number £ > 0 such that for each r € Uy
there is a unique integral curve

Vi (—e,e) = U

of V' with ~,(0) = r.

Since q € K; = v([t, b)) for every t € [to,b), and y([to, b)) is contained in K, we can find a
sequence t, € [tg,b) with ¢, — b and ~(t,) — ¢. For n large enough, we have 7(¢,) € Uy and
also

3
b—tn<§.

Choose one such t,, and denote it by ¢;. In particular, v(t1) € Uy and b —t; < £/2.
Consider now the integral curve

Vy(tr) - (—E,E) —U

with initial condition v,;,)(0) = v(t1). By the translation lemma, the curve

A(t) = Ya(r) (t — t1)

is an integral curve of V' defined on (t; — ¢,t; +¢) with J(¢1) = v(¢1).
We claim that we can use v and 74 to extend « beyond b. Define a new curve

I':(a,b+e/2) = M

o) {v(t), t<b,

A(t), telti,b+¢e/2).

First we check that I' is well-defined. On the overlap (¢1,b) both v and 4 are defined and are
integral curves of V with the same value at ¢ = t;. By the uniqueness part of Lemma 5.21,
they must coincide on this overlap. Hence the two definitions agree wherever they both apply,
so I' is a well-defined curve on (a,b+¢/2).

Moreover, I' is an integral curve of V' on this larger interval: on (a,b) it agrees with ~, and
on (t1,b+ e/2) it agrees with 74, both of which are integral curves of V. Thus I' extends ~
beyond b, contradicting the maximality of the domain (a,b).

This contradiction shows that our assumption was false. Hence for any compact K C M
and any to € (a,b) we cannot have ([to, b)) C K. O

As an immediate consequence, we obtain a useful sufficient condition for completeness.

Corollary 5.27 (Compact support implies completeness). Let V' € X(M) be a smooth vector
field with compact support supp(V) C M. Then V is complete.

Proof. Let p € M, and let v, : D) — M be the maximal integral curve of V with Y (0) = p.
If p ¢ supp(V), then there is a neighborhood U of p on which V' = 0. The constant curve

1(t) = p, teR,
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is an integral curve of V' with 7,(0) = p, and by uniqueness it must coincide with the maximal
integral curve. Thus in this case D® = R.
Now suppose p € supp(V). Let v, : (a,b) — M be its maximal domain. We show that
b = 400; the argument for « = —oo is analogous.
Assume by contradiction that b < co. Observe that the image of 7, for t € [0,b) is contained
in K by uniqueness:
25([0,1)) € K.

Applying Lemma 5.26 with this compact set K and tg = 0 contradicts the assumption that
b < 0o. Hence we must have b = +o0.

A symmetric argument applied to the vector field —V shows that a = —oco. Therefore
D®P) =R, and V is complete. ]

5.3.2 Flows of Complete Vector Fields

Let V € X(M) be a complete smooth vector field. For each p € M, let 7, : R — M denote the
maximal integral curve of V' satisfying v,(0) = p, which is defined on all of R by completeness.
We define the flow of V' to be the map

0:Rx M— M, 0(t,p) == 0:(p) == ().
Thus the flow is a one-parameter family of maps
{0, : M — M }ier.
Proposition 5.28 (Flow properties). Let V' be complete. Then:
0y = idyy, 01, 00r, = O 41, for all t1,ta € R.
Proof. The identity 6y = idy; follows immediately from the definition:
fo(p) = 1(0) = p.
For the composition law, fix t1,t9 and p € M. Consider the curve
t— 0, (04,(p)).

This is again an integral curve of V' (by the translation lemma), and at time ¢t = 0 it takes the
value 64, 4+,(p). By uniqueness of integral curves, these two integral curves must coincide for
all ¢, hence

0, (01, (p)) = 01,44, (p)-
OJ

Thus {6;} is a smooth action of the additive group R on M. The last step is to prove
smoothness of the flow.

Lemma 5.29. The map 0 : R x M — M is smooth.
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Proof. Define
W :={(t,p) € R x M : 0 is smooth in a neighborhood of (¢,p)}.
By definition, W is open. We claim that for each fixed p € M, the set
Wy:={teR:(t,p) e W}

is closed in R. Since R is connected, once we show that W), is nonempty, open, and closed, we
must have W), = R for every p, hence 6 is smooth everywhere.

First note that W), is nonempty. Indeed, at ¢ = 0 the ODE-theory lemma gives local smooth
dependence on initial conditions near p, so (0,p) € W.

Let (to,p) € W. We wish to show that all ¢ sufficiently close to ¢ also belong to W), and
moreover that W), is closed.

Fix such a point (tg,p), and set

po = Yp(to) = 01y (p).

By the ODE-theory lemma, there exist open sets Uy C U with pg € Uy and some £ > 0 such
that

(t,q) — 0(t,q)

is smooth for (¢,q) € (—¢,¢) x Up. In particular, 6 is smooth on a neighborhood of (0, po).
Now suppose t; satisfies [t; — to| < /2. Then 7,(t1) = 6y, (p) lies in Uy. Using the flow
property 6y, = 0,4, o 0, and the smoothness near both (to,p) and (0, pg), we can patch these
expressions together exactly as in the proof of the escape lemma to conclude that 6 is smooth
in a neighborhood of (¢1,p).
This shows that W), is closed.
O

We have now established that the flow of a complete vector field is a smooth one-parameter
group of diffeomorphisms of M.

5.3.3 Further properties of flows of complete vector fields

Let V € X(M) be a complete smooth vector field. For each p € M, let vy, : R — M denote the
maximal integral curve of V' satisfying v,(0) = p, which is defined on all of R by completeness.
We define the flow of V' to be the map

0:RxM—M,  0(p):=0(p):=1t).
Thus the flow is a one-parameter family of maps
{60 : M — M }ier.
Proposition 5.30 (Flow properties). Let V' be complete. Then:

090 = ldj\/[7 9151 O (9t2 = 6t1+t2 fOT all tl, tQ € R.
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Proof. The identity 6y = ids follows immediately from the definition:

bo(p) = 1p(0) = p.

For the composition law, fix t1,t2 € R and p € M. Consider the curve

t = 01(0,(p)),

which is an integral curve of V. Consider also the curve

t = Ot (p).

This is again an integral curve of V' (by the translation lemma). At time ¢ = 0, both curves
take the value 6, (p). By uniqueness of integral curves, these two curves must coincide for all ¢.
Hence,

9151 (9t2 (p)) = 9t1+t2 (p) :

Thus {6;} is a smooth action of the additive group R on M.
Now we prove smoothness of the flow.

Lemma 5.31. The map 0 : R x M — M is smooth.

Proof. Define
W :={(t,p) € R x M : 0 is smooth in a neighborhood of (¢,p)}.
By definition, W is open. For each fixed p € M, define
W, :={teR:(t,p) e W}

We claim that W), is closed in R. Since R is connected, once we show that W), is nonempty,
open, and closed, it follows that W), = R for every p, and hence 6 is smooth everywhere.

The openness of W), follows directly from the definition.

The set W), is nonempty. Indeed, at ¢ = 0 the ODE-theory lemma gives smooth dependence
on initial conditions near p, so (0,p) € W.

It remains to show that W), is closed. Let to be a limit point of W, and set

po = Yp(to) = 01y (p).

By the ODE-theory lemma, there exist open sets Uy C U with py € Uy and some £ > 0 such
that the map

(t,q) — 0(t,q)

is smooth on (—¢,¢) x Up. In particular, 6 is smooth in a neighborhood of (0, po).
Now suppose t; satisfies |t; — to| < /2 and that ~,(t1) = 64, (p) lies in Up. Recall the flow
property in the form

O(t,r) =0(t —t1,6:,(r)).
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Since 6 is smooth on (—¢, ) x Uy and Uy is a neighborhood of 6, (p), continuity of 6y, implies
that there exists a neighborhood V' of p such that

0t1(v) C Uo.
It follows that 6(¢,r) is smooth on
(t1 —e,t1+e)xV D (to_%ﬂfo-i-%) <V

Hence 6 is smooth in a neighborhood of (g, p), so ty € W),
This shows that W), is closed. O

We have now established that the flow of a complete vector field is a smooth one-parameter
group of diffeomorphisms of M.

5.4 Lie derivatives and Lie brackets
Let V € X(M) be a complete vector field with flow
0:Rx M— M, 0(t,p) = 0:(p).

Recall that each 6, is a diffeomorphism of M, and that {6;};cr is a one-parameter group of
diffeomorphisms.

Lie derivatives.
We first recall the push-forward of a vector field by a diffeomorphism.

Definition 5.32 (Push-forward of a vector field). Let ® : M — M be a diffeomorphism and
X € X(M). The push-forward of X by ® is the vector field

b, X € X(M), (9.X)g 1= dPg—1(y) (Xo-1(p)), g€ M.
In particular, for the flow 6; of V' we have a family of push-forwards (6;). : X(M) — X(M).

Definition 5.33 (Lie derivative of functions and vector fields). Let V' € X(M) be complete
with flow 6;.

(a) For f € C°°(M), the Lie derivative of f along V is

d

(Lv f)p) = —

dt f(et(p))7 pec M.

t=0

(b) For X € X(M), the Lie derivative of X along V is

(LyX)py = d

T dt ((Q,t)*X)p, peEM.

t=0

Thus for functions, Ly f = V(f) is just differentiation along the integral curves of V. For
vector fields, the definition says that we transport X back along the flow of V' and differentiate
at t =0.
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Remark 5.34. At first sight, parts (a) and (b) of the definition look rather different: for
functions we differentiate the pullback f o 6;, whereas for vector fields we differentiate the
push-forward (6_;).X. Conceptually, however, they express the same idea: we transport the
object along the flow of V' and differentiate at ¢ = 0. For functions we use the pullback

07 f := foby,
while for vector fields we use the push-forward
(0_)sX =df_t0X o007},

which is the natural way to view X in the "moving frame" given by the inverse flow. In both
cases,

d
Ly(-)= 7 (transport by 6;).
t=0

The Lie derivative satisfies a Leibniz rule with respect to multiplication by functions: for
feC®(M)and X € X(M),

Ly(fX)=fLvX + (Lvf)X.
This follows directly from the definition. Indeed, fix p € M and g € C°°(M). Then

(L (FXDple) = T ((0-0u(FX), (o).

t=0

Using the definition of the push-forward,

((0-0)«(f X)), (9) = (fX)g,p) (9 0 0—1) = f (1)) X, () (g © O-0).

Set
A(t) == f(B:(p),  B(t) := Xp,()(g 0 0—).
Then J
(Lv(fX)l9) = i (A@t)B(t)) = A'(0)B(0) + A(0)B'(0).

By definition of Ly on functions,

A(0) = (Lv (),  B(0) = X,(9),
and by the definition of Ly on vector fields,

d

B(0)= %

. ((0-4)X),(9) = (LvX)p(g).

Hence
(Lv (FX)p(9) = (Lv )(p) Xp(g) + f(p) (Lv X)p(g9) = (Lv /)X + f Ly X) (9).
Since this holds for all g € C>°(M), we obtain

Ly(fX)=fLvX + (Lv[)X.
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Recall that for vector fields V, X € X(M) the Lie bracket [V, X] € X(M) is characterized
by
V. X](f)=V(Xf)—X(Vf) for all f € C°°(M).

Lie brackets as Lie derivatives.
Recall that for vector fields V, X € X(M) the Lie bracket [V, X] € X(M) is characterized
by
V. X|(f)=V(Xf)—X(Vf) for all f € C*°(M).

Proposition 5.35. For V, X € X(M) we have
LyX =V, X].

Proof. Let 0y be the flow of V, and fix p € M and f € C*°(M). By definition of the Lie

derivative of a vector field,
d

(LvX)p = — - ((0-2)X),,
so applied to the test function f we get
d
X = — )X .
(X = | (0-0:X),(0

By the definition of push-forward,

((0-2)e), = dO-]g, 1y (X, )

and as a derivation acting on f this is

((0-0)X) () = XKo@ (f 0 0-0)-

Thus

(X)) = g

To differentiate this, it is convenient to separate the dependence on the base point and on
the function. Define

XGt(P) (f © H*t)’
=0

gt = fob_, € C*(M), he(q) == Xq4(9¢),

so that
Xo,(p) (f 0 0-t) = he(0:(p)).
Then by the chain rule,

d d

d
@, hi(01(p)) = —

h _
t(p) + a

ho(0:(p)).

dt t=0

t=0
We now compute the two terms separately.

(1) Variation of the function. At a fixed point p we have

hi(p) = Xp(gt) = Xp(f 0 0-4),
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SO
d d
— =X, — ) |-
dt|—g ulp) g < dt]—g (fof t)>
But by the definition of the Lie derivative of f along V,
d
gl F0-@) =~(Lvf)(a) = =V (f)(a),
t=0
so in particular at ¢ = p,
G| Ges)=-v(),
Thus J
Sl ) = X (-V() = —X(V)),
t=0

(2) Variation of the base point. Here ho(q) = X4(g0) = Xq4(f), so

ho(01(p)) = Xo,(p)(f) = (X f)(0:(p))-
Therefore

d d

—1 ho(0:(p)) = —;

dt|,_, = 2| XN0p) = (Lv(XF))(p) = V(X F)(p)-

t=0

Combining (1) and (2), we obtain
(LvX)p(f) = V(X [)(p) = X(VI)(p)-
Since this holds for every f € C*°(M), we have
(LvX)p = [V, X]p,
and therefore Ly X = [V, X] as vector fields. O

Remark 5.36. The identity £y X = [V, X]| can be rephrased as a Leibniz rule for the Lie
derivative with respect to the natural pairing

X(M) x C®°(M) = C®(M),  (X,f)— X.
Indeed, the proof shows that for every f € C°°(M),
(Lv X)(f) =V(X[) = X(V]),
s0 we can rewrite this as
Ly(Xf) =V(X[)=(LvX)(f) +X(Lv [)

Thus Ly acts as a derivation with respect to this pairing:

| Lv(Xf) = (LvX)(f) + X (Lv f)- |

In other words, Proposition 5.35 itself can be viewed as a Leibniz rule for the Lie derivative.
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Remark 5.37 (Jacobi identity via Lie derivatives). We can now give a conceptual proof of
the Jacobi identity

X[V Z)) + [V, [Z, X]) + [Z,[X, Y]] =0 for all X,Y.Z € (M),
Let Z € X(M) with flow 6;. For any vector field X € X(M) we set
Xt = (Gt)*X

Recall that a basic fact about Lie brackets is that f-related vector fields have f-related brackets:
if X; and Y; are 6;-related to X and Y respectively, then

X0, Y] = (60X, Y],
Applying this to X; and Y; defined above, we obtain
(X1, Y] = (00)«[X,Y] for all ¢

(where both sides are defined). Differentiating at ¢ = 0 and using the definition of Lie derivative
via the flow, we get

Lz]X,Y] = % i (X, Y] =[LzX, Y]+ [X,LzY].
Thus the Lie derivative along Z is a derivation of the Lie bracket:
Lz X,Y]=[LzX, Y]+ [X,LzY].
On the other hand, we have already shown that £z X = [Z, X] for all X. Substituting this
into the derivation identity gives
12, 1X, Y] = [[2, X], Y] + [X,[Z,Y]].

Rewriting this as
Z,[ X, Y|+ [X,[Y,Z]] + [Y,[Z,X]] =0

yields precisely the Jacobi identity.
Lemma 5.38. For any vector fields X,Y we have
Ly, Lx] = Ly,x)
as operators on smooth functions and on smooth vector fields.
Proof. On functions. Since Lx f = X (f),

Ly, Lx|f =Y(X[) = X(Y[) =Y, X](f) = Liyx)[-
On vector fields. Using Lx Z = [ X, Z],
Ly, Lx]Z = Ly ([X, Z]) = Lx([Y, Z])) = [V, [X, Z]] - [X, [, Z]].

The Jacobi identity
(X, [Y, Z]| + [V, [Z, X]] + [Z,[X, Y]] = 0
is equivalent to
[Yv [Xa ZH - [Xv [Yv ZH = [D/a X]a Z]'

Thus
Ly, Lx]Z =Y, X], Z] = LIy, x)Z.
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5.5 Straightening of vector fields

We now use flows to study the local normal form of vector fields.

Definition 5.39. Let V € X(M). A point p € M is called a singular point of V' if V, = 0. If
Vp # 0, we call p a regular point of V.

The following theorem shows that near a regular point, a vector field can be "straightened"
to a constant vector field in suitable coordinates.

Theorem 5.40 (Rectification (straightening) of a single vector field). Let V' € X(M) and let
p € M be a reqular point of V.. Then there exists a coordinate chart (U, zt, ... a™) withp € U
such that

V:@ on U.

Moreover, suppose S C M is a hypersurface through p with V), ¢ T,,S. Then the chart can
be chosen so that

SNU = {z' =0}.
Proof. We may assume that near p there is a chart (W,y!, ..., y™) with p € W such that
Snw = {y' =0}.

Let 6; be the local flow of V' (defined for |¢| sufficiently small and y near p). Consider the
map

O (—g,e) x (SNW) = M, d(t,q) := 0:(q).

For € > 0 sufficiently small, ® is well-defined and smooth.
We first note that for every (¢,q) in the domain of ® we have

ﬁMm(%>=V@mr

Indeed, fix (to,qo) and consider the curve

v(s) := @(to + 5, 90) = Ory+s5(q0)-
By definition of the flow, « is an integral curve of V', so

7' (0) = Va0 = Vo a0) = Va(to.no):

On the other hand, by the chain rule in the product (—¢,¢) x (SN W),

v (0) = d® 4 40) (%)

Comparing these two expressions gives the desired identity.
In particular, at (¢,q) = (0,p) we have

0
d® g p) (a) =V, d® g py(w) =w for w € T,S,
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since ®(0,q) = ¢ for ¢ € S. By construction, V, is transverse to 7,5, so d®, is an
isomorphism

d® () : Tio,p) ((—&,€) X S) = Tp,M.

Thus, by the inverse function theorem, ® is a diffeomorphism from a neighborhood of (0, p) in
(—¢&,e) x S onto a neighborhood U of p in M.

We now use (t, z) as coordinates, where t is the coordinate on (—¢,¢) and z = (22,...,2™)
are local coordinates on S near p (obtained from restricting (32, ...,3%™) to S). Define
xlzzt, xj::zj, j7=2,....m,

pulled back to U via &~ 1.
Let ¢ € U and write (¢,2) := ®1(¢q). Then the curve

s> (t+s,2)
in (—e,¢) x S is mapped by ® to
s (t+5,2) = bi15(q0),

where qo € S is fixed. As above, this is an integral curve of V, so its derivative at s = 0 is

V. On the other hand, its derivative at s = 0 in the (z!,...,2™)-coordinates is just 9/9z|,.
Thus 5
[/ A———
e 8951 q
forallg € U,i.e. V = 9/dx' on U. Moreover, S corresponds to {t = 0}, hence SNU = {z! = 0},
as required. ]

5.6 Several commuting vector fields

We now generalize the rectification theorem to several commuting vector fields.

Lemma 5.41. Let X,Y € X(M) be vector fields with local flows 6; and ns respectively. If
[X,Y] =0, then for all sufficiently small t,s for which both sides are defined, we have

0¢ 0 ms = ns 0 br.

Proof. We proceed in two steps.

Step 1: the flow of Y preserves X.
Define
Xs = (n-s)«X.

By the general identity for Lie derivatives,

d
X =2 (1 ).X = v, X].
Ly ds (7-s) [ ]

A standard argument using the group property ns4+n, = 1y, o 1s gives the differential equation

d

%Xs = _(n—s)*[Y7 X]
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(Indeed, differentiating Xsi 4 = (1—(s4n))+X = (1-1)+«Xs at h = 0 yields this.)
If [X,Y] =0, then [Y, X] = 0 and therefore

d
—X,=0.
ds 0

Thus X, is constant in s, and hence
(N—s)«X = Xs = Xo = X.

Equivalently,
(M)« X =X for all sufficiently small s.

Step 2: commuting of the flows.
Fix p € M and s such that n4(p) is defined. Consider the curve

Y(t) = n—s(0e(ns(p)))-

We compute its derivative:

V(1) = din-s g, . (o) (Koetmao) = (160X )

By Step 1, (n7-s)«X = X, hence
Y (t) = Xy

Thus ~ is an integral curve of X.
On the other hand,

is also an integral curve of X, and they satisfy the same initial condition:

7(0) = n-s(00(ns(p))) = n-s(ns(p)) = p = o(p)-

By uniqueness of integral curves,
V(t) = b(p)
for all small t. Expanding the definition of v gives

n-s(0:(ns(p))) = 0:(p),

or equivalently
0:(ns(p)) = 1s(0:(p))-

As p and s were arbitrary, the flows commute:

0t o ns = 150 0;.

We can now state and prove the general rectification theorem.

Theorem 5.42 (Rectification of several commuting vector fields). Let Vi, ..., Vi € X(M) be
smooth vector fields defined near a point p € M such that:
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1. [Vi,V;] =0 for all1 < i,j <k (the V; pairwise commute),
2. Vi(p), ..., Vik(p) are linearly independent in T, M.

Then there exists a coordinate chart (U,x',... ™) with p € U such that

Vi on U, 1=1,...,k.

~ O
Moreover, suppose S C M is a submanifold of codimension k through p such that
T,M =T,S @ span{Vi(p), ..., Vi(p)}.

Then the chart can be chosen so that

SNU ={z! =...=2F =0}.
Proof. By the submanifold theorem, we may choose an initial chart (W, y',...,y™) around p
such that

SNW ={y"'=---=y* =0},
and such that the vectors 9/dy',...,d/dy* at p span the same subspace as V;(p), ..., Vi(p).
After a linear change of the coordinates y',...,4*, we may assume

0
‘/Z(p):ayl ) 7/_]‘7" 7k
P

Let 6 denote the local flow of V;, defined for |¢t| small in a neighborhood of p. For

x = (x',...,2™) close to 0 € R™, consider the point

in y-coordinates, and define
Oz, 2™ =0 00% 0008, (q(x)).

By Lemma 5.41 the flows #; commute, so the order of composition is irrelevant (for z sufficiently
close to 0).

We now use z = (z!,...,2™) as coordinates on the image of ®, so a point of M near p has
x-coordinates precisely when it is of the form ®(x). In order to identify V; in these coordinates,
fix z and an index i € {1,...,k} and consider the curve

yi(t) = @t 2T 2T ™).

By definition of the coordinate vector field,

0
/
7%(0) = da (5.
On the other hand, using the definition of ® and commutativity of the flows, we can rewrite
v; as

")/,L(t) = 9;1 O-++0 0;7}1 o 9;Z+t (e] Q;le O-++0 eik (q(x))
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=0, (9;,1 0.0 9’;@(@))
— 9;(@(37))

Thus ~; is precisely the integral curve of V; through the point ®(x), and so

7i(0) = Vi(®(x)).
Comparing with the expression above, we obtain

a0 () = Vi(@(@)),  wnear0, i=1,.. .k (*)

Next, we examine d®g. For i > k, varying #° moves g(x) tangentially along S, and at = = 0
we have

Hence

8) 0 i=k+1,...,m.

dq)O(@a:i - oyt

P
For 1 < i <k, applying (%) at x = 0 gives

0
oxt

dq>0< ):Vi(@(())):vi(p), i=1,... .k

By construction, the vectors

0

0
‘/i(p)v,vk(p)a W‘pa-- .’8y7m)p

form a basis of T,M, so d®q : To)R™ — T}, M is an isomorphism. The inverse function theorem
then implies that there exists a neighborhood Uy of 0 € R™ such that

& :Uy— U := ()

is a diffeomorphism onto an open neighborhood U of p in M.

Now regard = = (z!,...,2™) as coordinates on U via ®~1. The relation () holds for all
x € Uy, so in these coordinates d®,(9/0z") = V;(®(z)) simply says that on U we have
0 .
%:@7 7/:1,...,]{3.
Finally, note that if ' = --- = 2F = 0, then

®(0,...,0,zF L .. a™) =q(x) € S,

so {r! =... =2 =0} c SNU. Conversely, if ®(x) € S, then, by construction, the unique
point of S on the joint orbit of the commuting flows through ¢(z) is ¢(z) itself, which forces
! =...=2% =0. Hence

SﬁU:{z1:-~~:$k:0},

and the theorem is proved. O
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We now compute the first nontrivial term in the commutator of the flows of X and Y. Fix
p € M and define

Di,s(p) = Ot (1-s(0:(ns(p)))),
where 6, and 7, are the flows of X and Y. For any f € C°°(M) set
p(t,s) = f(Drs(p)).
We compute the partial derivatives of ¢ at (0,0). Using pullback notation,
p(t,s) = (30;n”,0" 1) (p)-
Recall the standard first-order expansions
0 =id+tLx + O(t?),  nt =id+sLy + O(s?),

and similarly

Since @ o(p) = Pos(p) = p, it follows immediately that
910(0,0) = 05¢(0,0) = 9y(0,0) = ss0(0,0) = 0.
We compute the mixed derivative. Set
G(t,s) :=ni0;n* 0 ,.
Then g(t,s) = (G(t,5)f)(p), 0
Os0(0,0) = (9:sG)(0,0) f (p)-
First differentiate in ¢t at ¢ = O:
UGt 5)[ g = 3 (Lx )"y — Lx.
Differentiating this in s at s = 0 yields
OsG(0,0) = LyLx — LxLy = [Ly,Lx] = Ly x] = —Lixy]-

Hence
ats(P(Oa 0) = _[Xv Y]f(p)

The two-variable Taylor expansion therefore gives

(t,s) = f(p) —ts (X, Y]f(p) + O(Its|(Jt] +s]))-

Since this holds for every smooth function f, in local coordinates around p we obtain the vector
expansion
Dy 5(p) = p —ts [X, Y], + O([ts|([t] + |s]))-

This shows that the leading term in the failure of the flows of X and Y to commute is
exactly the Lie bracket [X,Y].
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Alternative proof of Lemma 5.41. We use the commutator expansion of the flows. Fix p € M
and consider

Py s(p) =04 (77*5(915(775(1)))))-
For any f € C*°(M) set
@(tu 5) = f(q)t,s(p))'

As computed above, using pullbacks and the definition of the Lie derivative,

atSQO(O, 0) = _[Xv Y]f(p)7
while
Orp(0,0) = 05¢(0,0) = Arp(0,0) = 0ss¢0(0,0) = 0.
Thus the two—variable Taylor expansion at (0,0) yields

p(ts) = f(p) = ts[X,Y]f(p) + Ry(t,5),
where the remainder satisfies
Ry(t,s) = O(|ts|(]t] + |s])) as (t,s) = (0,0).
If [X,Y] =0, the mixed term vanishes and we obtain
o(t.s) = F(p) + Ry(t.s),  Rylt,s) = O(|ts|(|t] + |s))).
In a coordinate chart around p, this is equivalent to
Ois(p) =p+ E(t,s),  E(ts)=O0(Its|(|t| +|s])).-

Moreover, by smoothness, this estimate is uniform for p in a fixed compact set and for [¢], |s]
sufficiently small.

Now fix small ¢, s and subdivide the rectangle [0,¢] x [0, s] into an N x N grid of smaller
rectangles of size

At = —, As = —.
N N
One checks that ®; ; can be written as a composition of N 2 elementary commutators" of the
form

q— Paras(q) = 0—ar(n-as(0a:(nas(a)))),

based at various points g along the grid.
For each such small rectangle and each base point ¢ in a fixed compact neighborhood of p,
the above Taylor expansion gives

Paras(e) = q+ O(|At As|(|At] + |As])),

with a constant independent of ¢ (for N large enough so that all points stay in the chosen
neighborhood). Since |At| = |t|/N and |As| = |s|/N, we obtain

ts| ([t |s|
Paasi) —a| < €5 (5 +5) = C

[ts]([t] + |s])
N3
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for some constant C.
Composing over the N? small rectangles, the total deviation of ®; 5(p) from p is bounded
by
[t +1sl) _ ~ Jesl(t] +s])

2 Itsl( _
N=.C 3 = N

Letting N — oo shows that
®is(p) =p

for all sufficiently small ¢, s. Since p was arbitrary, we conclude that ®; ; = id near (0,0), which
is equivalent to
0; o Tls = 1s© 0y

for all small ¢, s. This recovers Lemma 5.41 by a discrete argument. O



Chapter 6

Vector Bundles, Tensor Fields,
Differential Forms, and Stokes’
Theorem

We now turn from vector fields to the general language of vector bundles and tensor calculus on
manifolds. After introducing vector bundles, sections, frames, and bundle homomorphisms, we
develop the standard fiberwise constructions such as dual bundles, tensor products, and exterior
powers. This leads naturally to tensor bundles, Lie derivatives of tensor fields, differential
forms, the exterior derivative, and finally integration on oriented manifolds and Stokes’ theorem
together with several applications.

6.1 Vector Bundles

We introduce vector bundles in the smooth category. (One can develop the theory equally well
in the continuous category using purely topological language; here we will work throughout
with smooth manifolds and smooth maps.)

Definition 6.1 (Smooth real vector bundle). Let M be a smooth manifold. A (real) vector
bundle of rank k over M consists of a smooth manifold E (the total space) together with a
smooth surjective submersion

Tn:E—- M

such that:

1. For each p € M, the fibre
E, :=7"(p)

is endowed with the structure of a k-dimensional real vector space.

2. (Local triviality) For each p € M there exist an open neighborhood U C M of p and a
diffeomorphism

oY U)—U x RF,

called a local trivialization of E over U, such that:

123
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(a) pryo® =7 on 71 (U), where pr; : U x RF — U is the projection;
(b) for each ¢ € U, the restriction

D|p, : By — {q} x RF ~R*
is a linear isomorphism of real vector spaces.

A rank-1 vector bundle is often called a (real) line bundle. We sometimes refer to F itself as
the vector bundle and to m as the bundle projection.

Definition 6.2 (Trivial bundle). A rank-k vector bundle 7 : E — M is called trivial if it is
(bundle-)diffeomorphic to the product bundle M x R¥, i.e. if there exists a diffeomorphism
U : E — M x R¥ such that pr; o ¥ =7 and ¥|g, : E, — {p} x R is linear for every p € M.

Examples
Example 6.3 (Product bundle). Let M be a smooth manifold. The projection
T M xRF = M, m(p,v) =p
defines a rank-k vector bundle, called the product bundle. It is trivial by definition.

Example 6.4 (The Mébius line bundle over S'). Define an action of Z on R? = R x R by
’I’L(.fL’,y) = ($+1’L, (_1)ny), n € 2.

Let E :=R?/Z be the quotient and ¢ : R? — E the quotient map. Let S' := R/Z and denote
by [x] € S! the class of z € R. Define

7:FE— S, m(q(z,y)) = [z].

Then 7 : E — S* is a rank-1 (real) vector bundle: each fibre is naturally identified with R via
y +— q(z,y), and local trivializations exist (e.g. over any open arc in S admitting a smooth
lift to R). The total space E is diffeomorphic to the M&bius strip, so this is a nontrivial line
bundle over S*.

Example 6.5 (Tangent bundle). Let M be a smooth m-manifold. The tangent bundle
m:TM — M, m(vp) =p

is a rank-m vector bundle. Indeed, for any chart (U, ¢) with ¢ : U — ¢(U) C R™, the induced
map
Ty : 7r_1(U) =TU — ¢o(U) x R™, Up (go(p), dgop(vp))

is a local trivialization.
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6.1.1 Sections and Frames

Let m: E — M be a (smooth real) vector bundle of rank k over a smooth manifold M.

Definition 6.6 (Sections). A (smooth) section of E is a smooth map ¢ : M — E such that
moo =1idy .

Equivalently, o(p) € E, for every p € M. We denote the set of all (global) smooth sections by

I'E):=T(M,E).

More generally, if U C M is open, a local section over U is a smooth map o : U — F satisfying

moo =idy.

The set of smooth sections over U is denoted by I'(U, E'). When it is useful to emphasize the
distinction, we refer to elements of I'(E) as global sections.

Definition 6.7 (Support of a section). For o € I'(E) we define its support by
supp(c) :={p e M :0(p) #0 € Ep }.
(And similarly for o € I'(U, E), taking the closure in U.)

Example 6.8 (Zero section). Every vector bundle 7 : E — M has a canonical global section
C:M > E, ((p):=0€E,
called the zero section of E.
Example 6.9 (Vector fields). Sections of the tangent bundle are precisely vector fields:
D(TM)=X(M).

Example 6.10 (Product bundles). If E = M x R* is the product bundle with projection
7(p,v) = p, then there is a natural identification

[(E) = C*°(M,R").
Indeed, given f € C°°(M,R¥) we obtain a section

feM—MxRE f(p) = (p, f(p)),

and conversely any section o(p) = (p, f(p)) determines such a map f.

The C*(M)-module structure on I'(E)

Just as for vector fields, I'(E) is naturally a module over the ring C°°(M). Namely, for
a€ C®(M) and o,7 € I'(E) we define

(6 +71)(p) :==0(p) +7(p) € Ep, (ao)(p) == a(p) o(p) € E,.

These operations are well-defined since each fibre E,, is a vector space, and they are smooth
because, in any local trivialization, they are given by the usual pointwise operations on smooth
R*-valued maps. With these operations, I'(E) is an abelian group under addition and satisfies
the usual module axioms over C*°(M).
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6.1.2 Frames and trivializations

To perform concrete computations, it is often convenient to regard a vector bundle as a smoothly
varying family of vector spaces. A key tool is the notion of a local frame.

Definition 6.11 (Linear independence, spanning, frames). Let U C M be open and let
o1,...,0, € (U, E).

1. The k-tuple (o1, ...,0k) is pointwise linearly independent if for each p € U the vectors
o1(p), .-, ok(p) € By
are linearly independent.

2. The k-tuple spans E over U if for each p € U the vectors o1(p),...,or(p) span the fibre
E,.

3. A local frame for E over U is an ordered k-tuple (o1, ...,0x) of local sections over U that
is pointwise linearly independent and spans E over U. Equivalently,

(01(p), -, on(p))
is a basis of E, for every p € U.

4. If U = M, we call (01,...,0k) a global frame.

Example 6.12 (Standard frame on a product bundle). If E = M x R¥ let (eq,...,ex) be the
standard basis of R¥. Then

&M — MxRF,  &(p) = (pe),

defines a global frame (éy,...,é) for E.

Frames and trivializations
In fact, local frames and local trivializations are equivalent data.

Lemma 6.13 (Trivializations yield frames). Let ® : 77 1(U) — U x R¥ be a local trivialization
and let (eq,. .., ex) be the standard basis of RF. Define

oi:U—E,  oip)=2"(pe).
Then (o1, ...,0k) is a local frame for E over U, called the frame associated with ®.

Lemma 6.14 (Frames yield trivializations). Conversely, let (o1,...,01) be a local frame for
E over U. Define

k
V:UXRE— o (U),  Tp, (0., 07) =) vioi(p).
=1

Then WV is a diffeomorphism, and its inverse
=017 (U) - U xR¥

1s a local trivialization of E over U.
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Proof. Since (o1(p),...,0k(p)) is a basis of E, for each p € U, the map V is bijective: for fixed
p it is exactly the linear isomorphism R* — E, sending (v!,...,v%) to 3, vioi(p).

To prove smoothness and smoothness of the inverse, it suffices to work locally. Fix
p € U and choose an open neighborhood V' C U of p together with a local trivialization
O : 7 YV) = V x R, Write

©o0i(q) = (¢, si(q)),  si € C(V,R).

In coordinates, the map ® o ¥ : V x R¥ — V x RF takes the form

k
(©oT)(q,v) = <q, Zvisi(q)>, v=(v,...,v").
i=1
This map is smooth. Moreover, for each ¢ € V' the vectors s1(q), . ..,sz(q) € RF form a basis

(because © restricts to linear isomorphisms on fibres), so the k x k matrix whose columns are
si(q) is invertible. Hence, for each fixed g, the map v — >, v's;(q) is an isomorphism of R¥ and
its inverse depends smoothly on ¢ (e.g. by Cramer’s rule, or by smoothness of matrix inversion
on GL(k,R)). Therefore (© o ¥)~! is smooth, and hence ¥~! is smooth on 7=1(V). Since p
was arbitrary, ¥ is a diffeomorphism on 771 (U), and ® = ¥~ is a local trivialization. O

6.1.3 Vector bundles via transition functions

When defining manifolds, there are two complementary points of view. One starts from a
topological space and imposes regularity conditions, leading to the abstract definition of a
smooth manifold. The other starts from an atlas: one glues open subsets of Euclidean space
along smooth transition maps to obtain a manifold.

Vector bundles admit the same two viewpoints. Our definition so far has followed the
first approach (a total space together with local trivializations). We now explain the second
approach, in which a bundle is described by its transition functions.

Definition 6.15 (Transition functions and cocycle conditions). Let 7 : E — M be a rank-
k vector bundle. Choose an open cover {Uy}aer of M such that the restricted bundle
E|y, =1 YU,) — U, is trivial for every a. Fix local trivializations

Do H(Uy) — Us x RE,

By Lemma 6.13 this is equivalent to choosing a local frame (of,...,of) over U,.
On the overlap U,g := U, N Ug, the two trivializations differ by a smooth map with values
in GL(k,R). Concretely, there is a unique map

©ap : Uag — GL(K,R)

such that, for each p € Uyg,

k
Z ©ap(p p), i=1,... .,k (6.1)
7j=1

Equivalently, in terms of trivializations one has

®, 0 @El(p,v) = (p, ©as(p) v), (p,v) € Upp X R*. (6.2)
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The family {pag} satisfies the cocycle conditions:

Paa(p) = Ik for all p € U,, (6.3)
©a (D) P8y(P) = Pay(p) for all p € Uy, NUg N U,.

In particular, setting v = a in (6.4) yields
Pap = <p§a1 on Ugyg. (6.5)

The moral is that a vector bundle is completely encoded by its transition functions.
Conversely, any collection of transition functions satisfying the cocycle conditions can be used
to construct a vector bundle by gluing.

Lemma 6.16 (Vector bundle construction from transition functions). Let {Uy}acr be an open
cover of M, and let
Yap € CF(Us NUg, GL(E,R))

be a family of maps satisfying the cocycle conditions (6.3)—(6.4). Then there exists a rank-k
vector bundle m : E — M and local trivializations @, : TI'_I(Ua) — U, x R¥ such that the
associated transition functions are precisely ©qg3.

Proof. Define a set

E = |(Usa xRY),
acl

the disjoint union of copies of U, x R¥. We write elements as triples (p, v, a) with p € U, and
v € RF, B
Define an equivalence relation ~ on E by declaring that

(p,v,a) ~ (p,w,B) <= peUyNUg and w = pga(p)v.

We check that this is indeed an equivalence relation. Reflexivity follows from ¢, = Ii.
Symmetry follows from g, = cpgﬁl For transitivity, suppose (p, v, a) ~ (p,w, #) and (p, w, B) ~
(p,2,7). Then w = pgq(p)v and z = ¢, 3(p)w, hence

2 = @y5(P)sa(P)V = pralp)v

by the cocycle condition (6.4), so (p,v, ) ~ (p, z,7).
Let B
E:=FE/~

and denote the equivalence class of (p,v,a) by [p,v, a]. Define
m:FE— M, ﬂ([p,v,a]) = p.

This is well-defined because ~ only relates points with the same base point p.
For each «, define a map

ta 1 Uy X RE = E, ta(p,v) = [p,v,ql.



CHAPTER 6. VECTOR BUNDLES, DIFFERENTIAL FORMS, AND STOKES 129

These maps are injective, and on overlaps one has

ta(psv) = 18(p, aa(p)v),  p€UsNUs.

We now give F the unique topology and smooth structure such that each (, is a smooth
embedding and the images 1o (U, x RF) form an open cover of E, with transition maps on
overlaps given by

(p7 U) — (p) QOga(p>U),

which are smooth by assumption. With this smooth structure, 7 is a smooth submersion.
Finally, define local trivializations by

Oy N UL) — Uy x R, @4 ([p,v,al) == (p,v).

This is well-defined and a diffeomorphism onto U, x R, and the transition functions between
O, and ®g are exactly o5 by construction (cf. (6.2)). O

6.1.4 Bundle homomorphisms

We now consider maps between vector bundles, often called bundle homomorphisms. As usual,
we restrict attention to maps that are compatible with the bundle structure.

Definition 6.17 (Bundle homomorphism). Let 7 : E — M and ©’ : F — N be smooth vector
bundles. A smooth map f: E — F is called a bundle homomorphism if there exists a smooth
map fo: M — N such that

mof=foom,

and such that for every p € M the restricted map

f‘Ep DBy — Ffo(p)

is linear. We express the relationship between f and fy by saying that f covers fy.

A bijective bundle homomorphism f : £ — F whose inverse is also a bundle homomorphism
is called a bundle isomorphism. A bundle homomorphism over M is a bundle homomorphism
covering the identity map idp; : M — M.

If E and F are vector bundles over the same base M and f : E — F is a bundle
homomorphism over M, then f induces a natural map on sections.

Definition 6.18 (Induced map on sections). Let f : E — F' be a bundle homomorphism over
M. Define

f:T(B) —T(F),  (f@)®) = f(op))-
Then f is linear over C°°(M), i.e.

flo1+02) = f(o1) + f(o2),  flao)=af(o)
for all 0,071,092 € I'(F) and a € C>*(M).

In fact, this construction can be reversed: C°°(M)-linear maps on sections arise precisely
from bundle homomorphisms.
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Lemma 6.19 (Characterization of bundle homomorphisms). Let 7 : E — M and 7' : F — M
be smooth vector bundles over the same base. Suppose

T :T(E) — I'(F)

is a map that is linear over C®°(M). Then there exists a unique bundle homomorphism
f+E — F over M such that

T(o)=f(o)=foo for all o € T(E).

Proof. We proceed in several steps.

Step 1: Locality. We first show that T is local. Namely, if 01,09 € I'(E) satisfy 01 = o2 on an
open set U C M, then T'(o1) = T(02) on U.

Indeed, let p € C°°(M) be a bump function with p = 1 on a neighborhood of a given point
p € U and suppp C U. Then p(o1 — 02) = 0, and by C°°(M )-linearity we obtain

p(T(al) — T(ag)) = T(p(cn — 02)) =0.
Evaluating at p and using p(p) = 1 yields T'(01)(p) = T(02)(p), as claimed.

Step 2: Pointwise dependence. We now show that 7" is pointwise in the sense that T'(o)(p)
depends only on the value o(p) € E,.

Let 01,09 € T'(E) satisfy o1(p) = o2(p) for some p € M, and set 7 := 01 — 03. Then
7(p) = 0 € E,. Choose a coordinate neighborhood V' of p together with a local frame
(61,...,0k) of E over V. On V we can write

k
T = g u' 7y,
i=1

where u! € C*°(V) satisfy u*(p) = 0. Choose a bump function y € C°°(M) with suppy C V
and x = 1 near p, and set
k
Z u'G; € T(E).
=1
)(p

Then 7 = 7 near p, hence by locality T'(7)(p) = T(7)(p). Using C*°(M )-linearity,

k

T(7)=> xu'T(5:),

i=1
and evaluating at p gives T'(7)(p) = 0 since x(p) = 1 and u*(p) = 0. Thus T(7)(p) = 0, which
implies T(o1)(p) = T(02)(p).
Step 3: Definition of f. For v € E,, choose any section o € I'(E) with o(p) = v, and define
f(w):=T(o)(p) € Fp.

By Step 2 this definition is independent of the choice of o. By construction, f is linear on each
fibre and satisfies 7’ o f = 7.
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Step 4: Smoothness and conclusion. We now show that f is smooth and complete the proof.
Work in local trivializations of E and F' over an open set V' C M, so that sections of E|y
and F|y may be identified with smooth R¥-valued functions on V. By construction we already
know that
T(o)=foo for all 0 € I'(E).

In these local coordinates, this means that T' acts on sections by pointwise multiplication
with the matrix representing the fibrewise linear map f|g, : E, — Fp. Since T' sends smooth
sections to smooth sections and is C'°° (M )-linear, the corresponding matrix-valued function
depends smoothly on p € V. Hence f is smooth in local trivializations, and therefore smooth
globally.

The identity T'(0) = f o ¢ holds by construction for all o € I'(E), and uniqueness of f is
immediate from this relation.

O]

6.2 From vector spaces to vector bundles: duals, sums, tensors,
and exterior powers

Let M be a smooth manifold. A (real) smooth vector bundle 7w : E — M of rank r is locally
trivial: for each p € M there exists an open set U 3 p and a diffeomorphism (a trivialization)

U:Ely — UxR

that restricts on each fiber to a linear isomorphism F, ~ R".

6.2.1 Local frames, transition functions, and the “fiberwise” principle

A trivialization ¥ determines a local frame ey, ..., e, € T'(E|y) by declaring ¥(e;(q)) = (g, e5*4)

(2
for the standard basis (€5*) of R". On overlaps U NV, two local frames e = (ey, ..., e,) and

€ = (é1,...,€é) are related by a smooth map g : U NV — GL(r,R) such that
éj = Zgi]’ e; onUNV. (66)
1=1

The maps g are the transition functions of the bundle.

Many constructions from linear algebra (direct sum, dual, tensor product, exterior power)
can be performed fiberwise. The subtle point is to check that the resulting family of fibers
assembles into a smooth vector bundle. In practice, one proves this by describing the transition
functions of the new bundle in terms of those of the original one(s).

6.2.2 Direct sums

Definition 6.20 (Direct sum bundle). Let £ — M and F' — M be vector bundles. Their
direct sum bundle E & F — M is defined fiberwise by

(E®F)p:=E, & F,
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Proposition 6.21 (Smooth structure on E & F'). The fiberwise direct sum E & F carries a
natural smooth vector bundle structure. In local trivializations E|y ~ U X R" and F|y ~ U xR?,
one has

(E@F)ly ~U x (RT@R®) ~U x R™**.
Moreover, if g: UNV — GL(r) and h : UNV — GL(s) are transition functions for E and F,
then the transition function for E ® F is

UNV sqr— (gE)Q) h?q)

Proof. Choose local frames ey, ..., e, for E|y and fi,..., fs for F|y. Then (e1,..., e, f1,..., fs)
is a local frame for (E @ F')|y. On overlaps, (6.6) gives block-diagonal transition matrices as
stated, hence the usual cocycle conditions and smoothness follow. O

) € GL(r + s).

6.2.3 The dual bundle and C*(M )-linear functionals

Definition 6.22 (Dual bundle). Let £ — M be a rank r vector bundle. Its dual bundle
E* — M is defined fiberwise by
(E%)p := (Ep)" = Homg(Ep, R).

Proposition 6.23 (Transition functions of E*). If g : UNV — GL(r) is a transition function
for E in local frames, then the transition function for E* is (g7')7.

Proof. Let e = (e;) and é = (&;) be frames related by é = eg (i.e. (6.6)). Let e* = (¢f)
and €* = (&) be the dual coframes characterized by e'(e;) = §; and €’(é;) = d5. Writing
€' = ) ,a;¢’, the condition &; = €'(é) becomes &, = >, a;;gjk, hence A = (a;;) satisfies
Ag=1,ie. A= g~! which in column convention is (g~ !)T. O

The dual bundle is particularly useful because its sections represent precisely the C°°(M )—
linear functionals on I'(E).

Lemma 6.24. Let T : T'(E) — C*°(M) be C*°(M)-linear. If s € I'(E) satisfies s(p) =0 at
some point p € M, then T'(s)(p) = 0.

Proof. Choose a local frame ey, ...,e, on a neighborhood U > p and write s|y = ), fie;
with f; € C*°(U). Since s(p) = 0, we have f;(p) = 0 for all i. Extend f; by 0 outside U to
functions in C'*° by multiplying with a cutoff supported in U (still denoted f;), and extend e;
to global sections by multiplying with a cutoff supported in U (still denoted ¢e;). Then globally
s =, fie; and by C°°(M)-linearity,

T(s) = ZT(fiei) = ZfiT(ei)'

Evaluating at p gives T'(s)(p) = >, fi(p)T'(e;)(p) = 0. O

Theorem 6.25 (Dual sections as C*°linear functionals). The map
T(E*) — Homem(an (T(E), C¥(M)),  ar— (s [pr a@)(s@)]),

is an isomorphism of C*°(M)-modules.
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Proof. Step 1: From I'(E*) to Homgeo () (I(E), C%°(M)). Given a € T'(E™), define T (s)(p) :=
a(p)(s(p)). Smoothness of T,(s) is checked in local trivializations, and C°°(M )-linearity is
immediate: To(f5)(p) = a(p)(f(p)s(p)) = f(p)a(p)(s(p)).

Step 2: From T to a section a € I'(E*). Let T : T'(E) — C*>°(M) be C*°(M)-linear. For
each p € M, define a linear functional a(p) € (E,)* by

a(p)(v) :=T(s)(p), (6.7)

where s € T'(E) is any section with s(p) = v.

We must show (6.7) is well-defined. If §'(p) = v as well, then (s — s’)(p) = 0, hence by
Lemma 6.24 we have T'(s — s')(p) = 0, so T'(s)(p) = T(s')(p). Thus «(p) is well-defined and
clearly linear in v.

Step 3: Smoothness of . Choose a local frame eq,...,e, on U. Let el,...,e" be the dual
coframe of E*|y;. For ¢ € U we claim

aly=>a;d  with  a;:=T(e)|y € C°(U). (6.8)
=1

Indeed, for any v = >, v'e;(q) € E,, choose the section s = 3. v'e; (constant coefficients in
the chosen frame). Then s(¢) = v and by C*°-linearity,

a(q)(v) = T(s)(q) = > _v' T(e)(q) = > ailq) ',

A i

which exactly says (6.8). Since the coefficients a; are smooth by Lemma 6.24, «v is a smooth
section of E* on U. These local expressions agree on overlaps because the construction (6.7) is
intrinsic.

Step 4: Inverses. By construction, T' = T,. Conversely, starting from « and forming T,
then reconstructing « from T, recovers the original fiberwise pairing. Hence the two maps are
inverse isomorphisms. ]

6.2.4 Tensor products and multilinear maps

Definition 6.26 (Tensor product bundle). For vector bundles E — M and F' — M, define
E® F — M fiberwise by
(E®@F)p:=E,®F,.

Proposition 6.27 (Transition functions of EQF). Ifg : UNV — GL(r) and h : UNV — GL(s)
are transition functions for E and F', then EE® F has transition function

UNV 3q— g(q) ® h(q) € GL(rs),

where g @ h denotes the induced linear map on R" @ R?.

Proof. In local frames e; for E and f, for F', the tensors e; ® f, form a frame for £ ® F. On

overlaps, replacing e; and f, by their transformed frames yields exactly the matrix representing
g h. ]
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Next we identify tensor sections with C'°° (M )-multilinear maps.

Theorem 6.28 (Tensor sections as C°° (M )—multilinear maps). Let Ei,...,Ey, F — M be
vector bundles. There is a natural isomorphism

NEf®- @ E;®F) = Multee (I'(Ey) x -+ x D(Eg),T(F)),
where the right-hand side denotes C°°(M ) -multilinear maps.

Proof. Step 1: From a section to a multilinear map. Let A € T'(Ef ® --- ® E} ® F). For
sections s; € I'(E;) define a section T4(s1,...,sx) € I'(F) by

(Ta(s1,---,5%) () :== A(p) (s1(p), - - -, (D)) € Fp.

This is smooth (check in local trivializations) and C°° (M )-multilinear by fiberwise linearity of
A(p)-

Step 2: From a multilinear map to a section. Let T : T'(Ey) x -+ x I'(Eg) — I'(F) be
C°°(M)-multilinear. For p € M and vectors v; € (E;)p, choose sections s; € I'(E;) with
si(p) = v; and define

A(p)(v1,...,vk) =T (s1,...,5,)(p) € Fp.

We must check this is well-defined. Suppose s(p) = v; as well. Fix all slots except the i-th and
consider the difference

T(81y vy 8iyevsSk) —T(81, .oy 8hyeny8k) =T (81,08 — Shyvnny SE)-

The section s; — s, vanishes at p, hence (in a local frame for E;) it can be written as ) i fiej
with f;(p) = 0. By C°°(M)-multilinearity,

T(...,fjej,...):ij(...,ej,...),

and evaluating at p gives T(.. ., fjej,...)(p) = 0. Summing over j yields T(...,s;—s},...)(p) =
0. Thus A(p) is well-defined and multilinear.
Step 3: Smoothness. Choose local frames egi) for F; on U and a frame f;, for F on U. Then
the values
7D, ... e) e D(Fly)

ai Y ag
can be expanded as ), cgl_.ak fp with smooth coefficients czl_.ak € C®(U). These coefficients

are exactly the local components of the tensor field Ay in the induced frame of Ef ®- - - @ Ef®F,
hence A is a smooth section. Compatibility on overlaps follows from the intrinsic definition.

Step 4: Inverses. Both constructions are inverse to each other by inspection. O

6.2.5 Exterior powers as subbundles
Definition 6.29 (Alternation on tensor powers). Let V' be a vector space. Define the alternation
operator
Alt: (V) S (V95 Alb(r) = = 3 sen(o) o0
: , = g .
ocESE

Here Sj; denotes the symmetric group on {1,...,k}, and sgn(o) € {+1,—1} is the sign of
the permutation o. It can be defined in either of the following equivalent ways:
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e sgn(o) = +1 if o is an even permutation (a product of an even number of transpositions),
and sgn(o) = —1 if o is odd;

e sgn(o) = (—1)N@ where N(o) is the number of inversions of o, i.e.
N(o) :==#{(i,j) | 1 <i <j <k, o(i) >0(j)}
For 7 € (V*)®* and o € Sy, the tensor 7 o ¢ is defined by permuting the arguments:
(Too)(vry...,vg) := T(UU(l), ... ,vg(k,)), v1,...,05 € V.
A k-linear form w : V¥ — R is called alternating if
W(Vg(1)s -+ Vo(k)) = sgn(o) w(vi, ..., vg) for all o € Sk.
Equivalently, w is alternating if and only if
W1,y Viy ey Uy ey U) = —W(UL, oy Uy ooy Vg e, V)
for every transposition (i j), or, equivalently again,
w(vy,...,v;) =0 whenever v; = v; for some i # j.

The image of the alternation operator Alt is precisely the subspace of alternating k-linear
forms, denoted A¥V*.

Example 6.30 (Determinant as an alternating n—form and volume). Let dim V' = n. Choose
a basis (e1,...,e,) of V and let (e!,...,e") be the dual basis of V*. The tensor

woi=e'A--Ae e A"VF

is characterized by wo(e1,...,e,) = 1. For any vy,...,v, € V, write v; = ), a;je; and set
A= (aij) € R™*" Then
wo(vy,...,vy) = det(A).

In other words, relative to the chosen basis, the determinant is precisely the alternating n—linear
form wy applied to (v1,...,vy,).

Geometrically, | det(A)| is the Euclidean n—dimensional volume of the parallelotope spanned
by vi,...,v,. This is why top-degree alternating forms (and, on manifolds, top-degree differen-
tial forms) are the natural objects encoding volume and integration.

Proposition 6.31 (Exterior powers of a bundle). Let E — M be a rank r vector bundle. The
fiberwise definition
(AkE*)p = Ak(Ep)*

assembles into a smooth vector bundle A*E* — M, and it is a smooth vector subbundle of
(B2,
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Proof. Work in a trivialization E|y ~ U xR", hence (E*)®¥|; ~ U x ((R")*)®*. The alternation
map Alt is a fixed linear projection on the model fiber ((R")*)®* hence defines a smooth

bundle map
Alt : (E%)®F |y — (E%)®F|y

by acting fiberwise. Its image is the trivial subbundle U x AF(R")*, so it is smooth on U.
On an overlap U NV, the transition function of E* is (¢~')T (Proposition 6.23), so the
transition on (E*)®* is ((¢7!)T)®*. This linear map preserves alternating tensors, hence
restricts to a transition function on A¥(R™)*. Therefore the local subbundles patch, and A*E*
is a well-defined smooth subbundle of (E*)®*, O

Remark 6.32. In particular, sections of A*E* can be viewed equivalently as alternating
k-tensor fields, i.e. as sections of (E*)®* that are alternating in the sense of Definition 6.29.

Conceptually, this identification is entirely parallel to the descriptions given earlier: sections
of E* correspond to C°°(M)-linear functionals on I'(E), and sections of tensor bundles
Ef®---® Ef ® F correspond to C* (M )-multilinear maps on sections. The exterior power
AFE* simply singles out those multilinear maps that are alternating in the arguments.

For this reason, we will freely identify sections of A¥ E* with alternating k-multilinear maps
on I'(E), without giving a separate proof: the argument is a straightforward adaptation of
Theorem 6.28, together with the observation that alternation is a purely fiberwise, algebraic
condition.

6.2.6 Naturality of fiberwise constructions

The constructions above are also functorial: any bundle isomorphism induces canonical
isomorphisms on the bundles obtained from it by direct sums, duals, tensor products, and
exterior powers.

Proposition 6.33 (Induced maps on direct sums, duals, tensors, and exterior powers). Let
E — M and F — M be smooth vector bundles, and let ® : E — F be a vector bundle
isomorphism over Idys (i.e. ® is smooth, mp o ® = g, and each ®, : E, — F), is a linear
isomorphism). Then:

(a) (Direct sums) For any bundle isomorphism ¥ : E' — F' over 1dy;, there is an induced
bundle isomorphism

POV :EGFE — FaF, (P V), (v,w) = (Ppv, Ypw).
(b) (Dual bundle, contravariant) There is an induced bundle isomorphism
o F* — E, (®*)p(a) ;=0 @, € (Ep)".

(¢) (Tensor products) For any bundle isomorphism W : E' — F' over Idys, there is an induced
bundle isomorphism

PRUV:E®QFE — FQF, (PR T),(v@w) =P Yyw.
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(d) (Exterior powers) For each k > 0, there is an induced bundle isomorphism
AP®*  AFE* — AFE*, (AF®*),(w) == wo (Dp, ..., Pp).

Equivalently, viewing A*F* as a subbundle of (F*)®F, AF®* is the restriction of (®*)®F
to alternating tensors.

Moreover, all these assignments are compatible with composition and identities: for bundle
isomorphisms ® : E — F and V¥ : F' — G over 1d,y,

(Wod)& (Vo) = (FaV)o (@)
(Tod)" =" o U™
(Vo) (Vod)=(Ta¥)o(dxd).

and similarly for A¥(-)*, and each construction sends Id to Id.

Proof. All maps are defined fiberwise, and by construction they cover Id;; and are linear
isomorphisms on each fiber.

Smoothness is checked in local trivializations. For instance, in a local frame for E|y and
F|y, the map ®|¢ is represented by a smooth GL(r)-valued matrix A : U — GL(r). Then
® @ U is represented by a block matrix, ®* by (AT, ® ® ¥ by A ® B, and A¥®* by the
induced action on alternating tensors. Thus each induced map is smooth with smooth inverse.

Compatibility with composition and identities follows immediately from the fiberwise
formulas. O

Remark 6.34. In categorical language: over a fixed base M, the assignments F — E & FE’,
E— E®F', and E — AFE are covariant functors on the category of vector bundles over M,
while E — E* is a contravariant functor.

6.2.7 Why these constructions matter

Isomorphism classes of vector bundles over M form a commutative monoid under direct sum.
Its group completion leads to the K —group K°(M), an important invariant and a prototype of
a generalized cohomology theory. We will not pursue this further here. In this course we focus
mainly on the tangent bundle TM and its dual T*M, together with the bundles A*T*M of
differential k—forms.

6.3 Tensor bundles and natural operations

Let M be a smooth manifold. We write X(M) for the space of smooth vector fields and C*°(M)
for the space of smooth real-valued functions.

6.3.1 Tensor bundles

Recall that T'M — M is the tangent bundle and T*M — M is the cotangent bundle. For each
p € M, the fibers are the vector space T, M and its dual 77 M. As a notational convention, if

(x',...,2") is a local chart and
9z J iy
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denotes the associated coordinate basis of T, M, then we write {dz’}?_; for the dual basis of

Ty M, characterized by
if 0 i
dx ( 8xj> = 0;.

Definition 6.35 (Tensor bundles). For integers r, s > 0, the tensor bundle of type (r,s) is
TIM := (TM)®" @ (T*M)®*.
A tensor field of type (r, s) is a smooth section T' € T'(T7 M).
Concretely, a section T' € I'(T] M) assigns to each p € M a multilinear map

Ty :TyM X - x TyM x TyM x -+« x T,M — R,

Vv A
r times s times

or, equivalently (by currying and the natural identifications), a multilinear map with r vector
inputs and s covector inputs. We will switch freely between these equivalent viewpoints; the
bookkeeping is encoded by the type (r, s).

Basic examples.
e TVM = M x R and ['(T{ M) = C°°(M).
e ToM =TM and I'(T¢ M) = X(M).

o TOM =T*M and T(TYM) = Q' (M) (smooth 1-forms).

A Riemannian metric is a smooth section g € T'(T9M) such that each g, is a positive
definite symmetric bilinear form on T, M.

A (1,1)-tensor field can be viewed pointwise as a linear map T, M — T,,M; for instance,
the differential of a smooth map or an almost complex structure J (when J? = —Id).

Tensor products and contractions. If S € I'(T;!M) and T' € I'(Tg2M), their tensor
product is the section
S®T e (T2 M),

s1+s2

defined fiberwise by the usual tensor product of multilinear maps.

A contraction is obtained by pairing one T'M—factor with one T*M—factor using the
canonical pairing {a,v) = a(v). For example, for A € T'(T{M) (an endomorphism field), the
function tr(A) is a contraction:

n

tr(A)(p) ==Y €' (A(e:)),

i=1

where {e;} is any basis of T,M and {e'} its dual basis. The right-hand side is independent of
the chosen basis because it is defined by the canonical pairing.
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6.3.2 Pullback under diffeomorphisms
Let ® : M — M be a diffeomorphism. It induces the tangent map

b, :TM — TM, D, TyM — Ty M,
and the pullback on covectors
O T"M — T M, " . Tq’g(p)M = TyM, (2°8),(v) := Bo(p) (Pxv).

By tensoring these maps fiberwise, we obtain a natural pullback on (r, s)-tensor bundles, still
denoted by ®*:
O INTiM) — T(TF M).

Concretely, if T is a (r, s)-tensor field and v; € T, M, a; € Ty M, then
(@*T)p(v1,s - vy Uy 1y ) 2= T (q)*vl, O, (DT, (<I>_1)*045). (6.9)

Here the appearance of (®~1)* on covectors ensures that the right-hand side depends only on
data at p and uses the canonical pairing consistently.

Remark 6.36 (Compatibility with functions and vector fields). For f € C°°(M), the pullback
is (2*f)(p) = f(®(p)). For a 1-form w € Q' (M), ®*w is the usual pullback: (®*w),(v) =
Wa(p) (Pxv). For a vector field Y € X(M), the pushforward ®.Y is the vector field defined by
((I)*Y)Q(p) = q)*Y;D

Two functorial properties will be used repeatedly.

Proposition 6.37 (Naturality of pullback). For any diffeomorphism ® and any tensor fields
S, T,
(i) ®*(S®T) = *S © O*T.
(ii) If C is any fized index contraction (pairing one T M—slot with one T*M —slot), then
O*(C(T)) = C(P*T).

Proof. Both statements are fiberwise and reduce to linear algebra. By construction, ®* on 77 M
is obtained by tensoring the linear maps @ : T, M — T, M and (@=1)*: oM — Tg(p)M in
the appropriate slots. Tensor products commute with composition, which gives (i). For (ii),
note that contraction is defined using the canonical pairing T(I";(p)M X TypyM — R, and the
maps @, and ®* preserve this pairing:

(@ 1) (@) = alv) (o€ TiM, v e TM).
Hence performing a contraction before or after pullback yields the same result. O

Remark 6.38 (Functoriality for compositions). If ¥ : M — M is another diffeomorphism,
then
(Tod)" =d" o U™, (Id)* =1Id.

This is immediate from the definitions and expresses that pullback is a contravariant functor.
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6.4 Lie derivatives of tensor fields

Let X € X(M) be a smooth vector field, and let ®; denote its (local) flow, i.e. g = Id and

d

ﬁ‘bt(p) = Xo,(p)

whenever the flow is defined. Pullback by ®; transports tensor fields along the flow, and
differentiating at ¢t = 0 produces the Lie derivative.

Definition 6.39 (Lie derivative on tensors). For a tensor field T € I'(T7 M), define

d

LxT := —
X dt

;T
t=0

Remark 6.40 (Lie derivative on functions). If f € C*°(M), then @ f = f o ®; and

d

ﬁXfZ@

(fo®:) =df(X) = X(f),

t=0

the directional derivative of f along X.

6.4.1 Leibniz rules and contractions

The Lie derivative is a derivation with respect to all natural tensor operations built from tensor
products and contractions.

Proposition 6.41 (Leibniz rule for tensor products). For any tensor fields S, T,
Lx(S@T)=(LxS)®T+S® (LxT).
Proof. By Proposition 6.37(i),
P;(SRT)=2;S®D;T.
Differentiate at ¢ = 0 and use the product rule for the tensor product in each fiber. O

Proposition 6.42 (Lie derivative commutes with contraction). For any fized contraction map
C,
Lx(C(T)) = C(LxT).

Proof. By Proposition 6.37(ii),
97 (C(T)) = C(2;T).

Differentiate at ¢ = 0 and use that C'is fiberwise linear, hence commutes with differentiation. [J

Corollary 6.43 (Lie derivative respects all "natural" tensor expressions). Any tensor field
obtained from given tensor fields by repeated tensor products and contractions satisfies the
expected Leibniz rule under Lx .

Proof. Combine Proposition 6.41 and Proposition 6.42 and argue by induction on the number
of operations used to build the expression. O
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6.5 Differential forms: wedge and contraction

6.5.1 Forms as alternating covariant tensors

A k-form is a smooth section of the bundle A¥T*M. We write QF(M) := T'(A*T*M) and
QM) = C>®(M).

6.5.2 Wedge product

The wedge product A : QP(M) x Q4(M) — QP4(M) is the alternation of the tensor product.
In particular, alternation commutes with pullback, hence with Lie derivatives.

Proposition 6.44 (Lie derivative and wedge). For a € QP(M) and 5 € QI(M),

Lx(aNp)= (EXa) AB+aAn (ﬁxﬁ)

6.5.3 Interior product

Definition 6.45 (Interior product). Let X € X(M). The interior product (contraction) is the
map
v QF(M) — QFL(M)

defined by
(wa)(Yl, ves 7Yk—1) = w(X, Yl, cee 7Yk—1)- (610)

Proposition 6.46 (Graded Leibniz rule for ¢). If o € QP(M) and B € Q4(M), then
tx(a@NApB)=(xa) N+ (=D aA (txp).

Proof. This is the standard alternating-multilinear check from the definition of A and (6.10). O

6.5.4 A useful commutator identity

Lemma 6.47 (Commutator [£,:]). For all X,Y € X(M) and all w € Q¥(M),
EX(Lyw) = Ly(ﬁxw) + LX,Y|W- (6.11)

Proof. Fix Zy,...,Zr_1 € X(M). We evaluate both sides of (6.11) on (Z1,...,Zx_1).

Step 1: Expand the left-hand side using the Lie derivative formula on forms. Recall the standard
formula: for any n € Q"™ (M) and vector fields Vi,...,V,,,

m

Lxm)(Vis o Vi) = X(n(Ve, oo Vi) = Yo n(Vi, o XV Vi), (6.12)
i=1

Apply this with n = tyw € QF~1(M) and V; = Z;. Using

(tyw)( 21,y Zg—1) =w(Y, 21, ..., Zx—1),
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we obtain
k—1
(Lx(tyw))(Z1, ..., D) = X(W(Y, Zi,.. .,Zk_l)) SN w2, (X 2 Z).

—1

<

(6.13)
Step 2: Expand the first term on the right-hand side. Again by (6.12),
(v (Lxw))(Z1,..., Zk1) = (Lxw) (Y, Z1, -, Zie1)
— X(w(Y, 7, .. .,Zk_1)> —w([X, Y], 21, .., Ze_1)
k—1
- w(Y,Zl,...,[X,Zj],...,Zk_l). (614)

1

<.
Il

Step 3: Compare the expansions. Subtracting (6.14) from (6.13), all terms cancel except the
[X,Y]-term, and we get

(Lx(yw))(Z1,.- s Zi1) = (o (Lxw)) (21, ..o, Zjer) = w([X, Y], 20, .., Zya).
The right-hand side is exactly
(L[X7y]w)(Zl, ey Zkfl) = w([X, Y], Zl, ceey Zkfl).

Therefore,
(Lx(eyw))(Z1,. . Z1) = (v (Lxw))(Z1s -+ Zi1) + (v iw) (21, -5 Zi)-
Since Z1, ..., Zr_1 were arbitrary, this proves (6.11). O

6.6 The exterior derivative and Koszul’s formula

6.6.1 A coordinate definition

We begin with a concrete definition of the exterior derivative in local coordinates. We will then
prove that the resulting form is independent of the chosen chart (in particular it is compatible
on overlaps), and hence defines a global operator. This local-to-global viewpoint naturally
suggests that there should be an intrinsic coordinate-free formula, which is provided by Koszul’s
formula in the next subsection.

Definition 6.48 (Exterior derivative in a chart). Let w € Q¥(M). Given a coordinate chart
(U;zt, ..., 2"), write
w\U = Z Wiq iy, Az A - /\daci"’, Wiy iy, € COO(U)
1<iy < <ip<n
We define dw on U by
dw)ly == > dwiyei, Ada' A Ada,
1< << <n

where for f € C°(U) we set df :=>_"_, 0; f da?.
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Lemma 6.49 (Graded Leibniz rule). Let o € QP(M) and B € Q4(M). Then
dlaNB)=daNB+ (-1’ aAdp.

Proof. Fix a chart (U;x!,...,2"). It suffices to prove the identity on U. First assume
a=fdz"" A---Adx'r and B = gdalt A --- Adade with f,g € C°(U). Then

aAB=fgdc A--- Ndx' Adz?t A A dad
By Definition 6.48,
dlanB)=d(fg) Ndz™ A--- ANdx Adz?t A - A da,
Using d(fg) = fdg + gdf, we get
dlaNpB) = fdgndz A---Ndz' ANdzIt A - ANdad 4 gdf Adat A - Adxt AdzI A A dade,
On the other hand,

daAB = (df Ndz™ A---ANdx®) A (gda?* A---Adade) = gdf Ada™ A---Adx™™ Adz?t A--- Adade,

and
aANdB = (fdx"™ A---Ndx™) A (dg A dz?t A - A dad?)
= fdz" A--- Adx™ Adg AdaTt A - A dade
= (=1)P fdg Adaz™ A--- Nda™ ANdaT A - A dade,
where the last equality uses that moving the 1-form dg past p one-forms dz'', . .., dz" produces

the sign (—1)P. Combining the last three displays yields
dlaNp)=daNB+ (-1)Pands on U

for such decomposable «, 5.
For general o € QP(U) and g € Q4(U), write

a:ZaIdscI, B:ZBJCZ:JJJ,
I J

and use bilinearity of A together with the definition of d in the chart, which is R-linear and
satisfies d(a dz!) = dag A dz!. Applying the already proven decomposable case term-by-term
gives the desired identity on U, hence on M. ]

Lemma 6.50 (The local definition is well-defined). Let (U;x!,...,2") and (U;y',...,y") be
two coordinate charts on the same open set U. Let d, (resp. dy) denote the operator defined in
Definition 6.48 when computed using the x—chart (resp. the y—chart). Then for every w € QF(U)
we have

dyw = dyw on U.

Equivalently, the form (dw)|y defined by Definition 6.48 does not depend on the chosen coordinate
chart.
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Proof. We compute everything using d,. The key identity is
d.(dy*) =0 foreacha=1,...,n, (6.15)

where we view y* = y*(z) as a smooth function of z on U.
Indeed, by the chain rule,

n
oy*
ot

i=1

dy” = (z) da'.

Applying d, and using d,(dz®) = 0 gives

zn:d Ndwi = S O (z)dz? A dz' =0
v 3:17@ = 0xI0x' ’

since mixed partials commute and dz’/ A do’ = —dax® A dz’. By the graded Leibniz rule, (6.15)
implies ‘ ‘
dm(dy“/\‘--/\dyz’“)zo forall 1 <i; < -+ <ip <n. (6.16)

Now expand w in the y—coordinates:
w—ZwI dy , dy! == dy" A - A dy'n.

When applying d;, the coefficients must be viewed as functions of z via the composition
y=vy(z), ie. w}y) (y(z)). Using the graded Leibniz rule and (6.16), we obtain

xw—Zd wI /\dy

Next, by the chain rule,

n g, W .«
L@ 0le) = 3 o (@ wta))) dod = D057 I g w)) 9 ()

Recalling dy® =37, gyj (w) do?, this rewrites as

Therefore

" (v)
dow = (Z gyja (y) dy“) Ndy' =Y "d, (W () A dy" = dyw,
I

which proves d,w = dyw on U. O
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6.6.2 An intrinsic formula

We have defined the exterior derivative dw in local coordinates and proved that the resulting
(k + 1)~form is independent of the choice of chart. In particular, d is a globally well-defined
operator

d: QF (M) — QF (M),

Once we know that d is intrinsic, it is natural to ask for a coordinate-free formula expressing
dw directly in terms of vector fields and Lie brackets. Such a formula exists; it is usually
attributed to Koszul. We present it for 1-forms, where the computation is most transparent.

Koszul’s formula for 1-forms.

Proposition 6.51 (Koszul’s formula for 1-forms). Let o € QY(M). Define a map B :
X(M)x X(M) — C>®(M) by

BX.Y) = X(a(Y)) - Y(a(X)) - a([X, Y]). (6.17)

Then (B is C*°(M)-bilinear and alternating, hence determines a unique 2—form on M, denoted
by da.. Moreover, this da agrees with the exterior derivative defined in local coordinates.

Proof. Alternation is immediate: swapping X and Y changes the sign since [Y, X] = —[X,Y].

C>°(M)-bilinearity.
Let f € C*°(M). Using that « is C°°(M )-linear and the product rule, we compute

BUXY) = (fX)(aY)) = Y(a(fX)) - a([fX,Y])

= fX(Y)) - Y (fa(X)) - ( fIX,Y] = (Yf) X)
=fX(aY)) = (Y f)a(X) = fY (X)) = fa([X,Y]) + (Y f) a(X)
= f(X(aY)) - Y((X)) - ([X, Y]))
= fB(X,Y),
where we used the Leibniz rule for Lie brackets
[fX,Y]=fIX,Y]—(Y[)X. (6.18)
Agreement with the coordinate definition. Let (U;x!,... 2") be a chart and write a =

S, a;dx’ with a; € C*®(U). The coordinate definition gives

(da)coord = Z da; N da’ S 92(U).
=1

On the other hand, let B € Q2(U) be the 2-form defined by the intrinsic formula (e.g. via
B(X,Y) = X(a(Y)) - Y(a(X)) - a([X, Y])).

Both (da)coora and § are 2-forms, hence are C°°(U)-bilinear in (X, Y"). Therefore it suffices
to check equality pointwise: for each p € U we only need to show

(dat)coord p(v, w) = Bp(v, w) for all v,w € T,U.
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Fix p € U and v,w € T,U. Choose smooth vector fields X,Y € X(U) such that X, = v,
Y, = w, and such that in the given coordinates their components are constant in a neighborhood
of p. For instance, if v =}, 1/0;|, and w = >, w’/0;lp, one may take

X::i’l}jaj, Yi:zn:wjaj7
o =1

which satisfy X, = v, ¥, = w and [X,Y] = 0 everywhere.
Now compute at the point p. First, using a(Y) = Y, a;dz’(Y) = Y, a; Y and that the
components Y* are constant, we get

X(a(Y))py = Z X(ai)p Y= ZX(ai)p dxi(yp)»
] i=1

and similarly
n .
Y(a(X))p = Z Y(ai)p da'(Xp).
=1
Since [X, Y], = 0, the intrinsic definition yields

Bp(v,w) = Bp(Xp, Yp) = X(a(Y))p — Y(a(X))p.

On the other hand, evaluating the coordinate form gives

n

(dev) coord p(v, w) = Z(dai A dxi)p(va Yp)
= (dai(X)p d' (V) = dai(¥)y da' (X))

= Z(X(ai)p dz' (Yy) = Y (ai)p da'(X,)).

Comparing the last expression with the formula for 3,(v, w) shows

(da)coord,p<7)7 TU) = 51;(1), U)).

Since p, v, w were arbitrary, (da)coora = S on U, and hence the two definitions agree globally.
O

6.6.3 Pullbacks of covariant tensors and differential forms

We previously discussed pullbacks (and pushforwards) for diffeomorphisms. In fact, for covariant
tensors—in particular for (0, k)-tensors and differential forms—the pullback construction works
for any smooth map, not only for diffeomorphisms. By contrast, for vector fields (and more
generally contravariant tensors), a smooth map f : M — N does not in general induce a
well-defined pushforward to N: even though df, sends T, M to T, N, there is typically no
canonical way to assign a single vector at a point ¢ € N from the values over the whole fiber
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f~(q). This is why (0, k)-tensors have better functoriality with respect to smooth maps than
vector fields do.

Pullback of (0, k)—tensors.
Let f : M — N be a smooth map. Recall that for each p € M we have a linear map on

tangent spaces
dfp : TpM — Tf(p)N

Definition 6.52 (Pullback of covariant tensors). Let 7" be a smooth (0, k)—tensor field on N,
i.e. T € T((T*N)®*). We define its pullback f*T € T'((T*M)®*) by

(f*T)p(’Ul, R ,’Uk) = Tf(p) (dfp(vl), . ,dfp(vk)), pEM, v; € TpM. (6.19)

Pullback of differential forms.
Since QF(N) is a subbundle of (T*N)®* Definition 6.52 restricts to kforms.

Definition 6.53 (Pullback of forms). Let w € QF(N). We define f*w € QF(M) by
(ffw)p(v1, ..o vk) = Wiy (dfp(vl), .. ,dfp(vk)).
Lemma 6.54 (Basic algebraic properties). For n € QF(N) and 6 € QY(N) we have
fripNO) = f*n A fr0.

Moreover, for g € C*°(N) we have f*g = go f, and for composable smooth maps M L N & p,

(gof) = frog"

Proof. All statements follow immediately from the definition and multilinearity. For instance,
for v1,...,vp4r € T, M we compute

(f*(77 A 0))p(v1’ R Uk-‘rf) = (77 A e)f(p)(dfpvla s vdfpvk-i-f)’

which equals (f*n A f*6),(v1,. .., vk1e) by the standard definition of the wedge product. [

Compatibility with the exterior derivative.
The pullback is compatible with d.

Proposition 6.55 (Naturality of d). For every smooth map f : M — N and every w € QF(N),
d(f*w) = f*(dw). (6.20)

Proof. 1t suffices to check the identity locally. Fix p € M and choose coordinate charts
(U;xt,...,2™) around p and (V;y!,...,y") around f(p) with f(U) C V. Write f =
(f',..., f™) in these charts, i.e. f* = y%o f is a smooth function on U.

Step 1: a coordinate formula for pullback. Write on V'

w = ij(y) dy’, dy! == dy A A dy.
I



CHAPTER 6. VECTOR BUNDLES, DIFFERENTIAL FORMS, AND STOKES 148

Then on U, ' ‘
Fro= (wro f)d(fr) A--- Ad(f), (6.21)

I
because f*(dy®) = d(y® o f) = d(f*) and f* is multiplicative with respect to A (Lemma 6.54).
Step 2: compute d(f*w). Using the local definition of d and the graded Leibniz rule,

d(f'w) = d(wro f) Ad(fI) A Nd(f*) + D (wro fd(d(f) A= Ad(fr)).
1 I

The second sum vanishes because d(d(f®)) = 0 for each a (exactly as in Lemma 6.50), hence
A(d(f") A Ad(f™)) = 0. (6.22)

Therefore
d(f*w) = d(wro f) Ad(f*) A--- Ad(f). (6.23)
1

Step 3: compute f*(dw). By the coordinate definition,

dw = Z dwr(y) A dy”.
I

Pulling back and using f*(dy®) = d(f%) gives

fH(dw) = f*(dwr) Ad(f) A= Ad(f). (6.24)

I

It remains to note that for a function ¢ € C*>°(V),

[Hde) = d(p o f), (6.25)

which follows by writing dy = ) (0ye) dy® and pulling back:

Fr(dp) = (Oyep) o f f¥(dy") = (Oyap) o fd(f*) = d(p o f).

a a

Applying (6.25) to ¢ = wr shows that f*(dwr) = d(wy o f), so (6.24) becomes exactly (6.23).
This proves (6.20) on U, hence on all of M. O

6.7 Integration of differential forms and orientability

In order to define integration of forms on a manifold, we first treat the Euclidean case. The
outcome will show that the integral of a top—degree form is invariant precisely under orientation—
preserving diffeomorphisms. This naturally leads to the notion of an oriented (i.e. orientable
together with a choice of orientation) manifold, and then to the definition of the integral on M
by a partition of unity.
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6.7.1 Integration of n—forms in R"

Let U C R™ be open with standard coordinates (x!,...,2"). Any w € Q"(U) can be written
uniquely as
w=fdz' A---nd2™,  f € CP().

Lemma 6.56 (A"V* is 1-dimensional). Let V' be an n—dimensional real vector space. Then

A"V* is a one—dimensional vector space. More precisely, if (e1,...,e,) s a basis of V and
(e',...,e") is the dual basis of V*, then

LA AET£0
and every n € A"V* can be written uniquely as
n=ce' N---Ne" for a unique ¢ € R.

Proof. We first show ! A --- A g™ # 0.
We first show that e! A --- Ae™ # 0. Recall that the wedge product of 1-forms is defined as
the alternation of their tensor product:

R = Z sgn(o) e’ @ - @ 7™,

o€Sn
Evaluating this n—form on the basis vectors (e, ..., e,) gives
(' A AEM (e en) = Z sgn(c) e’ (er) -+ (ep)
gESy
= Z sgn(a) 50(1)1 T 5a(n)n'
gESy,

The product dg(1)1 =" dg(n)n is equal to 1 if and only if o = id, and vanishes otherwise. Hence
the sum reduces to a single nonzero term, and we obtain

("N AEM (e, ... en) = 1.

In particular, e! A--- A €™ does not vanish identically and therefore is a nonzero element of
AMVE

Now let n € A™V™* be arbitrary. Since 7 is alternating and multilinear, for any v1,...,v, € V
we can write each vector v; € V' in the basis (e1,...,ey,) as

n
v = E Amj Em, j=1...,n,
m=1

and set A := (am;)p, j—1- By multilinearity of n we expand

n n
n(vl,...,vn):n(g Aj11€415 « -« E ainne@-n)

11=1 in=1
n
= > a1 agnn(en, ... ei,).

i1yeyin=1
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Since 7 is alternating, every term with 4, = i5 for some r # s vanishes. Hence only tuples

(i1,...,1,) with pairwise distinct entries contribute, i.e. exactly those of the form
(i1,...yin) = (o(1),...,0(n)) for some o € S,,.
Therefore
NV, 0n) = Y Ge)1 Go(uyn M(€a(1); - - Eo(n))- (6.26)
oES,

Now use alternation once more:

N(€o(1)s -« -+ €a(n)) = sgn(a) nlew, ..., en).
With ¢ :=n(eq,...,e,), (6.26) becomes

77(7)17 cee 7”71) =c Z sgn(a) As(1)1 """ Qo(n)n-
G’GSn

By the Leibniz formula for the determinant,

det(A> = Z SgH(O’) Ao(1)1 " Qo(n)ns

O'Esn
hence
N1, vn) =nler, ... en) det(am;)m, j=1-
In particular
(61 A ANEM) (v, vp) = det(amj);ln,jzl'

Hence for all vy,...,v, € V,
N1, vn) =c(E' A A" (v1, ..., v0),

which proves n = cel A--- Ae™.
Finally, uniqueness: if n = ce’ A---Ae® = del A--- Ae™, evaluate both sides at (eq, ..., e,)
to get ¢ = d. Thus A"V* is spanned by one nonzero element, hence is 1-dimensional. O

If w has compact support in U, we define

/U w = /U f(2) da, (6.27)

where the right-hand side is the usual Lebesgue (or Riemann) integral on R".

6.7.2 Behavior under diffeomorphisms

Let U,V C R™ be open and let ® : V — U be a diffeomorphism. Write (y!,...,y") for the
standard coordinates on V. We first record the effect of pullback on the volume form.

Lemma 6.57. For a diffeomorphism ® : V — U we have
O*(dz* A - Adx™) = det(D®) dy' A --- A dy",

where D® denotes the Jacobian matrixz of ® in the coordinates y.
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Proof. Write ® = (®!,...,®") in the x—coordinates on U, so each ®' is a smooth function on

V. By definition of pullback on 1-forms,

8<I>Z

d*da’ = d(z' o ®) = dd' = Z 8?#

Hence, using that ®* is an algebra homomorphism with respect to A,

* 1 ny _— $* 1 *dx" =

)

Expanding by multilinearity, all terms with repeated indices vanish since dyj Ady’ =0, so only

permutations survive:

0! oo"
>

.. a(l) A ... o(n)
97D g7 dy A A dy’\".

O*(dx' Ao Ada™) =
gESy

Now reorder each wedge product to (dy' A --- A dy™):
dy M A A dy?™) = sgn(o) dy' A - Ady".

Therefore

P! o
@*(dazl/\'--/\d:c"):(z sgn(o) oe .9 ))dyl/\--~/\dy”.

o(1l a(n
ocESH ay M ay (

By the Leibniz formula, the coefficient in parentheses is exactly det(D®), where D® =

(09" /0y 1<i j<n-

O

When @ is a diffeomorphism, det(D®) never vanishes and hence has a constant sign on

each connected component of V.

Definition 6.58 (Orientation—preserving / reversing). Let ® : V — U be a diffeomorphism
between open subsets of R"™. We call ® orientation—preserving if det(D®) > 0 everywhere, and

orientation-reversing if det(D®) < 0 everywhere.

Proposition 6.59 (Change of variables for n—forms). Let w € Q2(U). If ® is an orientation-

preserving diffeomorphism, then

/@*w:/w.
1% U

P*w = (f o @) det(D®)dy" A--- A dy",

Ifw= fdz' A--- Ndz™, then

and (6.28) is the classical substitution formula.

Proof. By Lemma 6.57,

P*w = (fod)d*(dz' A---Nda") = (f o ®) det(D®)dy* A--- A dy™.

Integrating and applying the usual change—of—variables theorem yields (6.28).

(6.28)
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6.7.3 Orientability and orientations on manifolds
Let M be an n—dimensional smooth manifold.

Definition 6.60 (Oriented atlas and orientability). An atlas {(Uy, ¢a)} on M is called oriented
if for every pair «, 8 with U, NUg # 0, the transition map

-1
P 0P PalUaNUs) — @3(Ua NUp)
is orientation—preserving. We say that M is orientable if it admits an oriented atlas.
Exactly as for smooth structures, one can enlarge an oriented atlas to a maximal one.

Definition 6.61 (Orientation as a maximal oriented atlas). Assume M is orientable. An
orientation on M is a maximal oriented atlas, i.e. an oriented atlas which is not properly
contained in any larger oriented atlas. An oriented manifold is an orientable manifold together
with a choice of orientation.

Remark 6.62 (Two possible orientations). If M is connected and orientable, then it has
exactly two orientations. Indeed, once a maximal oriented atlas is fixed, replacing a single
chart ¢, by a composition with an orientation—reversing linear map R"™ — R" produces the
other maximal oriented atlas; there is no third possibility because any two oriented atlases
must have transition maps with Jacobian of constant sign, hence either all overlaps preserve
orientation or all overlaps reverse it.

Example 6.63.
e R™ is orientable (with the standard orientation).
e S™ is orientable (e.g. by stereographic coordinates).
e RP" is orientable if and only if n is odd.
e Every complex manifold is orientable: the complex structure canonically induces an
orientation on the underlying real tangent spaces.
6.7.4 Integration on an oriented manifold
From now on let M be an oriented n—manifold.

Definition 6.64 (Integral of a compactly supported top—degree form). Let w € QF(M).
Choose a (positively) oriented atlas {(Ua, pa)} representing the given orientation, and a
smooth partition of unity {p,} subordinate to {U,}. We define

[ w = > / o7 ) (6.29)

where each integral on the right is the Euclidean integral (6.27). The sum is finite because w
has compact support.

Proposition 6.65 (Well-definedness). The value [,,w in (6.29) depends only on the ori-
ented smooth structure on M. In particular, it is independent of the choice of oriented atlas
representing the given orientation and independent of the chosen subordinate partition of unity.



CHAPTER 6. VECTOR BUNDLES, DIFFERENTIAL FORMS, AND STOKES 153

Proof. We first show independence of the atlas (for a fixed partition argument). Let (U, ¢) and
(U, 1) be two positively oriented charts on the same open set. Set ® := pot)~1, a diffeomorphism
between open subsets of R™. Since both charts are positively oriented, the transition map @ is
orientation—preserving, i.e. det(D®) > 0. For any n € Q2 (U), Proposition 6.59 gives

—1\*x, _ —1\*
/W)w >n—/W)<w Y.

Applying this to n = pw shows that each local term in (6.29) is independent of the choice of
positively oriented coordinates.

Next, we show independence of the partition of unity. Let {p.} and {pz} be two partitions
of unity subordinate to the same oriented atlas. Using linearity of the integral and gpp=1
on supp w, we obtain

;/M”““’ B ;/M@a;ﬁﬁ)w - %/M%ﬁﬁm

By the already established coordinate independence, each term | 1 (Papp) w may be computed
in any positively oriented chart contained in U, N Ug. Reversing the roles of p and p yields

;/M(paﬁﬁ)w = Zﬂ:/M Pp W,

hence the two definitions agree. O
6.8 Stokes’ theorem
We now turn to the fundamental theorem relating exterior differentiation and integration.

6.8.1 Euclidean Stokes for compactly supported forms
Let R™ carry its standard orientation given by dx!' A --- A dx™.

Theorem 6.66 (Euclidean Stokes for compact support). For every w € Q2 1(R") one has

/dw—().

Proof. Write w in the standard basis of (n — 1)—forms:

n
w:Zajda:l/\"-/\dxj/\"-/\dx",
j=1

where the hat indicates that the corresponding factor is omitted, and a; € C2°(R™). Since
dz', ..., dx" are closed, we have

n
dw:Zdaj/\(d:ﬂl/\--~/\dxj/\---/\d$”).
j=1
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Only the da’/—term in da; = Y, 5-4dz’ survives in the wedge product, hence

i 8:1:’

n

— 0
dw—zaajdwj/\dx Ao Ndzd A N = (=1)77 18;;d A Adaz™
j=1

Choose a cube @ = [-R, R]" containing suppw. Then supp(dw) C @ and therefore

/dw—/dw—z Jl/gzdl-- da™.

Fix j. By Fubini, writing = (2, 27) with 2’ € [-R, R|"~

Oa, ,
/&Ujd /RR]"1</ 855] ) e

By the Newton—Leibniz formula,

3(1]

I (2/,t)dt = aj(2', R) — a;j(2',—R) = 0,

because a; has compact support contained in the interior of (). Thus each term vanishes, and
f dw = 0. O
Rn

6.8.2 Stokes on oriented manifolds without boundary

Theorem 6.67 (Stokes, no boundary). Let M be an oriented smooth n—manifold without
boundary. Then for every w € QP 1(M) one has

/dw:O
M

Proof. Let {(Uq, o)} be a positively oriented atlas and {p,} a partition of unity subordinate
to {Ua}. By Definition 6.64 and linearity,

Since ), po = 1 on suppw, we have Y dpo = d(3_,, pa) = 0 on suppw, hence ) dpo Aw =0

and therefore
dw = / d(pa w
fae=2 ]

Each form d(p,w) has compact support contained in Uy, so by the coordinate definition of the

integral,
d(paw) = (pgl *d(paw) = d 4,0(;1 *(paw)),
/M (P ) /Pa( a)( ) ( ) /cpa( ) (( ) ( ))

where we used that pullback commutes with d. The form (o 1)*(paw) is a compactly supported
(n — 1)—form on an open subset of R™, so by Theorem 6.66 the last integral is 0. Summing
over « yields [, dw = 0. O
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Manifolds with boundary and the induced boundary orientation. Let M be a smooth n—manifold
with boundary OM. A boundary chart is a pair (U, ¢) where U C M is open and

0:U—VCcH":={zcR": 2! <0}

is a diffeomorphism onto an open subset V' of the closed half-space, such that (U NOM) =
V N {x! = 0}. An oriented atlas for M is an atlas consisting of interior charts to R™ and
boundary charts to H"™ whose transition maps are orientation—preserving on the interior.

an orientation on an n-manifold M is specified by a maximal oriented atlas {(Uq, ¢a)}

Definition 6.68 (Induced orientation on the boundary). Let p € 9M. Choose a positively
oriented boundary chart (U, ) with p € U, where

0:U—V CcH"={z! <0}, o(UNOM) =V n{z' =0}
An ordered basis (v1,...,v,—1) of T,(OM) is declared positively oriented if and only if

(pr(vl)v cee 7D90p(vn—1))

is a positively oriented basis of R®~! with respect to the standard orientation induced by the
coordinates (22,...,2") on {z! = 0}.
Equivalently, (v1,...,v,—1) is positively oriented in T),(0M) if and only if

(D@p(a/a$1)v Dsop(vl)’ S 7D¢P(vn*1)>

is a positively oriented basis of R™.

With this induced orientation on OH" = {z! = 0}, the standard coordinates (z?,...,z")
are positively oriented. Consequently, for any compactly supported function n on JH" we

simply have
/ nde/\-'-/\daJ"Z/ n,
OH" Rn—1

where the right-hand side denotes the usual Euclidean integral on R”~!. In particular, no
additional sign appears in the boundary integral under this convention.

6.8.3 Stokes on the half-space

Let ¢ : OH"™ «— H"™ denote the inclusion.

Theorem 6.69 (Stokes on H"). Let w € QP 1(H") have compact support in H" (which is
automatically compact in R™). Then

dw = / Cw,
Hr OHn

where OH™ is oriented by Definition 6.68.
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Proof. Write
w:Zajdxl/\‘--A@/\'~Adx", a; € CZ°(H").

As in the Euclidean computation,

duw =3 (~1)! 1gZ;d A Adzh,

Choose a rectangular box
Q=[-R,0 x [-R,R" ! c H"

that contains suppw. Then supp(dw) C @ and hence

/dw—/dw—z Jl/gzdl-- dz™.

For j > 2, the same Fubini-Newton—Leibniz argument as in the Euclidean case shows

da;
/(%UJ dx =0,

because the support is away from the lateral faces 2/ = +R. For j = 1, Fubini gives

Oay R day / /
ax dzx /[_R7R}n1 </O %(t,x )dt dx s

and Newton—Leibniz yields

0 8@1

@(t,x’) dt = a1(0,2') — a1 (=R, z") = a1(0,2"),
-R

since a; vanishes near ' = —R. Therefore

/ dw:/dw:—/ a1(0,2") da? - - - da™.
n Q [,R7R}n—l

On the other hand, the pullback to the boundary {z! = 0} kills every term containing dz',
so only the j = 1 term survives:

Cw=a1(0,z")dz® A - A dz"™

With the induced boundary orientation, the boundary integral is

/ w = / a1 (0,z") (d:v2 ceda™) = —/ ay(0,2') dx? - - - da™,
OH" Rn—1 Rn—1

and compact support allows us to restrict to [~ R, R]"~!. This agrees with the expression for

» dw above. O
Ju
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6.8.4 Stokes’ theorem on manifolds with boundary
Let ¢ : 9M — M denote the inclusion.

Theorem 6.70 (Stokes’ theorem). Let M be an oriented smooth n—-manifold with boundary,
and orient OM by Definition 6.68. Then for every w € Q2= Y(M) one has

/dw :/ w.
M oM

Proof. Let {(Uqa,va)} be an oriented atlas consisting of interior charts ¢, : Uy — V, C R"
and boundary charts ¢, : Uy — Vo, C H", and let {p,} be a partition of unity subordinate to

{Ua}-

As in the proof of Theorem 6.67,

because ) dp, = 0 on suppw. Fix a. If U, is an interior chart, then by pulling back to R"
and applying Theorem 6.66,
/ d(pow) = 0.
M

If U, is a boundary chart, then pulling back to H" gives

/M d(paw) = /a d((e2)) (paw)) = /Wa () (paw)),

by Theorem 6.69. The boundary 0V, corresponds precisely to U, N OM and the boundary
orientation is compatible with Definition 6.68 by construction of oriented boundary charts.

Therefore this equals
/ U (paw).-
UaNOM

Summing over «, we obtain

/M o= za: /amaM o) = /8M g <Z paw> N /8M v

[0}

since Y, po = 1 on suppw and hence on supp(t*w) C IM. O

Remark 6.71 (Fundamental theorem of calculus). Let M = [a,b] C R with its standard
orientation. For f € C*([a,b]) consider the O—form w = f. Then dw = f'(x) dx, and Stokes’
theorem gives

b
/ f'(@)dz = f(b) — f(a).

where the boundary 9dla,b] = {b} — {a} carries the induced orientation.

6.9 Orientation and volume forms

We now record an equivalent description of orientations in terms of nowhere—vanishing top—
degree forms, and then give several applications of Stokes’ theorem.
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6.9.1 Orientations are the same as volume forms

Definition 6.72 (Volume form). Let M be a smooth n—manifold. A volume form on M is a
smooth n—form w € Q"(M) which is nowhere vanishing.

Theorem 6.73 (Orientation and volume forms). Let M be a smooth n—manifold. The following
are equivalent:

(i) M is orientable.
(ii) M admits a volume form.

Moreover, if M is connected, then choosing an orientation on M is equivalent to choosing a
volume form w, where two volume forms determine the same orientation if and only if they
differ by multiplication with a positive smooth function.

Proof. (i) = (i7). Assume M is orientable and fix a positively oriented atlas {(Uy, vq)}, where
each ¢, : Uy — V, is a diffeomorphism onto an open set V,, C R”. On each U, define

o = (cpgl)*(dacl Ao ANdx™),

which is a smooth nowhere—vanishing n—form on U,

If Uy NUg # 0, let
Bpo = pp o9, Pa(Ua NUp) = p3(Ua N Up)
be the transition map. On U, N Ug we have
Wa = (det(DPg4) 0 pa) wga.

Since the atlas is positively oriented, det(D®g,) > 0 on overlaps, so the ratio between w, and
wg is a positive smooth function on U, N Ug.
Choose a smooth partition of unity {p,} subordinate to {U,} and define the global n-form

w = Zpawa.
(0%

At any point p € M, at least one p,(p) > 0 and all nonzero w,(p) determine the same

orientation, so they cannot cancel. Hence w(p) # 0 for all p € M, and w is a volume form.
(73) = (). Assume w € Q"(M) is a volume form. Let (U, ¢) be any chart, with coordinates

(x,...,2") on p(U) C R™ Since w is a top—degree form, on U we can write uniquely

wlp = fdz' A Ada"

for some smooth function f on U. Because w is nowhere vanishing, f is nowhere zero.
We declare the chart (U, ¢) to be positively oriented if f > 0 on U. Now take two such
positively oriented charts (U, ) and (V,1) with U NV # (. On the overlap, we have

fodz' Ao ANda" =w = fydyt Ao Ady",

and we obtain
fo=f, det(D(pop™)).
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Since f, > 0 and fy > 0, it follows that det(D(1) o ¢~ ')) > 0 on the overlap. Hence all
transition maps between positively oriented charts are orientation—preserving. Therefore the
collection of positively oriented charts forms an oriented atlas, and M is orientable.

Finally, if w is a volume form and g is a smooth positive function, then gw determines
the same set of positively oriented charts, hence the same orientation. Conversely, if w and @
determine the same orientation on a connected manifold, then in any positively oriented chart
they are given by w = fdz* A---Adz" and @ = fdzl A---Ada™ with f, f > 0, s0 & = (f/f)w
with f/f > 0. O

Remark 6.74 (Positive total volume). Let M be compact, connected and oriented, and let w
be a volume form compatible with the chosen orientation. Then

/w>0.
M

Indeed, in positively oriented coordinates w = fdx' A --- A dax™ with f > 0, so the integral is
locally positive and hence globally positive.

Remark 6.75. Let M be an oriented smooth n—manifold with boundary and let ¢ : M — M
be the inclusion. If w € Q"(M) is a volume form compatible with the chosen orientation on
M, then ¢*(tyw) is a volume form on OM compatible with the induced boundary orientation,
where N denotes an outward normal vector field along OM.

6.9.2 Stokes and a "no retraction to the boundary" principle

The next lemma is a convenient formulation of the key idea behind the Brouwer fixed point
theorem.

Lemma 6.76. Let M be a compact oriented smooth n—manifold with nonempty boundary.
There is no smooth map F : M — M such that

Flom = idanr -

Proof. Let w € Q" 1(OM) be a volume form on the boundary compatible with the induced
orientation. Consider the (n — 1)—form 7 := F*w on M.
If t : OM — M denotes the inclusion, then

dn = F*(dw) = 0,
because dw is an n—form on the (n — 1)-dimensional manifold M.

Then
/ w:/ L*(F*w):/ dn =0,
oM oM M

while [;,,w > 0 by Remark 6.74. A contradiction. O
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6.9.3 Brouwer fixed point theorem

Theorem 6.77 (Brouwer fixed point theorem). Fvery continuous map f : B" — B™ has a
fized point.

Proof. Assume that f has no fixed point. One then constructs a continuous map r : B™ — 0B"™
by sending z to the intersection point of dB™ with the ray starting at f(x) and passing
through z. This map restricts to the identity on dB™. After smoothing (or using a smooth
approximation argument), we obtain a smooth map F : B" — B" with F|ppr» = idgpn,
contradicting Lemma 6.76. O

6.10 An application to vector fields on spheres

6.10.1 Even-dimensional spheres have no nowhere—vanishing tangent field

Theorem 6.78 (Hairy ball theorem for even spheres). If n is even, then there is no smooth
nowhere—vanishing tangent vector field on S™.

Proof. Assume for contradiction that v is a smooth nowhere—vanishing tangent vector field on
S™. Normalize it so that |v(x)| =1 for all x € S™.
Define, for ¢ € [0, 7], a smooth map F; : S™ — S™ by

Fy(z) = costx +sintv(x).
Since v(z) L = and |v(z)| = |z| = 1, we have |Fy(x)|?> = cos?t + sin®t = 1, so Fy(z) € S" for
all z,t. Moreover Fy = id and Fj(x) = —z is the antipodal map.
Embed S C R™"*! with standard coordinates (z!,..., 2" 1), and let
Q:=dax' Ao Ada™T?
be the Euclidean volume form on R"*!. Define an n—form on R"*!\ {0} by

n+1 )
w = LR}, R := ;x BIY

(the radial vector field). Restricting to S™ gives a smooth nowhere—vanishing n—form on S,
hence a volume form:

w|gn € Q"(S™).
In coordinates one can write

n+1
w= Z(—l)iflxi de' A Adxt Ao Ada T
i=1

Let A : S — S™ be the antipodal map A(x) = —x. Then A*z' = —2' and A*dz’ =
d(A*z") = —dx'. Therefore each summand transforms as

A*(xidxl/\~~/\d/a;i/\-~-/\d$"+1> :(—xi)-(—1)"dx1A-'-/\d/a?"/\--'/\dxnﬂ.
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(The factor (—1)" comes from pulling back the wedge of n differentials dz’ with j # i.)
Hence
A*w = (=)o,

In particular, if n is even then A*w = —w.
Consider the smooth map

F:S"x[0,7] = 8", F(z,t) = F(z).
Since dw = 0, we have d(F*w) = F*(dw) = 0. By Stokes’ theorem on S™ x [0, 7],

0:/ d(F*w) :/ Frw— Fyw.
S x[0,7] n sn

/ F;w:/ w.

Now F; is the antipodal map A(z) = —z. When n is even,

Hence

A'w = —w.
Consequently,
Frw= Afw=— / w,
Sn Sn n
contradicting |, gn w # 0. This finishes the proof. O

Remark 6.79. The argument above is a special case of the following principle: if H; is a
smooth homotopy and w is closed, then [ Hjw is independent of ¢t. A more general and
systematic approach uses the Cartan magic formula

Lx =dix +txd,

which we discuss below.

6.11 Classical vector calculus as consequences of Stokes

We briefly explain how the familiar integral identities from vector calculus are special cases of
Stokes’ theorem. In order to state this precisely we need to recall the Hodge star on Euclidean
space and its relation to the standard volume form.

The Euclidean Hodge star in R?
Let (2!, 22, 2%) be the standard coordinates on R? and let
dV = da' A da? A da?

be the standard volume form. We use the Euclidean inner product (-,-) and the associated
musical isomorphism

0
oz’

3
b xR = YR, X=X’ = X=X dat,
i=1
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The Hodge star operator
1 QF(R3) — Q¥ F(R3)
is characterized by the requirement that for any a, 8 € QF(R3),

aAxf = {(a,B)dV, (6.30)

where (a, 8) denotes the pointwise inner product on k—forms induced by the Euclidean metric.
In particular, using that {dx!,dz? dz®} is an orthonormal coframe, one checks from (6.30)
that

x1 =dV, sdxt = da? Ndx®,  wxda? = dad ANdzt,  xdz® = dat A da?,

and
#(de? A dad) = dat,  x(da® Ada') = da?,  x(da' Ada®) =dad, *+dV = 1.

In particular, for any vector field X we have
«X° = X' da? Ada® + X2 da® A dxt 4 X3 dat A da?. (6.31)

Proposition 6.80 (Divergence theorem and Stokes’ theorem in R?). Let Q C R3 be a bounded
domain with smooth boundary, and let v be the outward unit normal along 0S).

(i) (Gauss—Green / divergence theorem) For every smooth vector field X on a neighborhood

of Q,
/dideV :/ (X,v)ds.
Q o0

(ii) (Classical Stokes formula) Let X C R3 be a compact oriented smooth surface with (possibly
empty) boundary 0. Let v be the unit normal compatible with the chosen orientation
of X, and let T be the positively oriented unit tangent along 0%. Then for every smooth
vector field X defined near X,

/(Curl X,v)dS = (X,T)ds.
by 0%

Proof. (i) Consider the 2-form o := *X” on Q. By (6.31) we compute
do = d(xX°) = (01 X" + 9 X2 + 33X3) da' A da® A da® = (div X) dV.

Applying Stokes’ theorem to a gives

/dideV:/da:/ o, (6.32)
Q Q o0

where ¢ : 9Q < R3 is the inclusion and 052 is oriented by the induced boundary orientation.

It remains to identify «*a with (X,v) dS. Fix p € 02 and choose an oriented orthonormal
basis (e1,ea) of T,(92) such that (v, ey, e2) is an oriented orthonormal basis of R?. By the
defining property (6.30) with k£ = 1,

L*a(elueZ) = (*Xb)(elan) - dV(Xa 61562)7
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because for a 1-form § one has (¥8)(u,v) = dV (8%, u,v), and here 8 = X°. Since (v, eq,es) is
oriented orthonormal, we have

dV (X, e1,e2) = (X,v)dV(v,e1,e2) = (X, v).

On the other hand, the area form d.S on 0f is characterized by dS(e1,e2) = 1 for every oriented
orthonormal basis (e, e2) of T,(0€2). Therefore

Fa=(X,v)dsS,

and (6.32) becomes exactly the divergence theorem.
(ii) Let ¥ C R? be an oriented smooth surface and define the 1-form 3 := X along a
neighborhood of 3. Stokes’ theorem on ¥ gives

/E i = /a . (6.33)

where now ¢ : 9X < X is the inclusion.
We claim that
dB|rs, = (curl X, v) dS, = (X,T)ds.

The second identity is immediate: along 9% the 1-form [ evaluated on the positively oriented
unit tangent 7T satisfies

VB(T) = B(T) = (X, T),

so *8 = (X, T)ds by the characterization of arclength ds via ds(T) = 1.
For the first identity, fix p € ¥ and choose an oriented orthonormal basis (eq,e2) of 1,2
such that (ej, ez, ) is an oriented orthonormal basis of R?. Using the Euclidean identity

(curl X)* = «d(X")
(which can be verified by a direct coordinate computation in R?), we obtain
(curl X, v) = (curl X)’(v) = (xdB) (v).

By the defining property of the Hodge star for 2—forms (or equivalently by the explicit formulas
above), we have

(xdB)(v) = dp(e1,e2).
Since dS(e1, e2) = 1, this means exactly that

dBlry, = (curl X, v) dS.

Substituting these identifications into (6.33) yields

/ (curl X, v)dS = (X,T)ds,
b ox

which is the classical Stokes formula. O



Chapter 7

de Rham Cohomology and Degree

In this final chapter we introduce de Rham cohomology, compute a number of basic examples,
and end with the degree of a smooth map between compact oriented manifolds. The central
point is that the identity d? = 0 turns differential forms into a cochain complex, so global
topology can be detected by closed forms modulo exact forms.

7.1 de Rham cohomology

We now turn to the last topic of this course: de Rham cohomology. The guiding idea is very
simple:

e the exterior derivative satisfies d? = 0,
e therefore differential forms form a chain complex,
e and we can measure globally when a closed form fails to be exact.

This produces cohomology groups which are invariants of the manifold.

7.1.1 The identity d> =0
Recall that the exterior derivative
d: Q8 (M) — QFFL(M)

was defined locally in coordinates and then shown to be independent of the choice of charts. A
basic property is that applying d twice gives zero.

Proposition 7.1. For every smooth manifold M and every k > 0 one has
dod=0 on QF(M).

Proof. Since the statement is local, it suffices to prove it in a coordinate chart on an open set
U C R" with coordinates (x!,...,2™).
Write w € QF(U) as
w = Zajdxil Ao Adat®,
I

164
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where I = (i1 < --- < i}) runs over increasing multi-indices and a; € C*°(U). Using d(dx?) =
and the Leibniz rule for d, we obtain

dw:Z:da[/\d:Ui1 Ao Adzt®
1

Applying d once more,
d(dw) = d(day) Adz™ A - Ada's,
I

Thus it suffices to show d(da) = 0 for a smooth function a. Write da = »77_, 8‘9;; dz’, then

Zld(ax]) Ada) = ZZMW da’ A da.

Split the sum into £ < j and ¢ > j and use dz‘ A da? = —da? A dz’. Since mixed second partial
derivatives commute,
0%a B 0%a
0xt0xi  Oxidxt’
the terms cancel in pairs, hence d(da) = 0. Therefore d(dw) = 0 on U, and since d is defined
chartwise this proves d> = 0 on M. O

7.1.2 Definition of de Rham cohomology and naturality
Because d? = 0, the spaces QF(M) form a cochain complex

0— QM) L' (M) S - & () — 0.

This leads to the following definition.

Definition 7.2 (Closed and exact forms). A form w € QF(M) is called closed if dw = 0. Tt is
called ezact if there exists n € Q¥~1(M) such that w = dn.

Definition 7.3 (de Rham cohomology). The k—th de Rham cohomology group of M is

{we Q¥(M) : dw = 0}
{dn :ne Q=1 (M)}

We write [w] for the class of a closed form w.

HYR (M) =

Proposition 7.4 (Naturality). Let f : M — N be a smooth map. Then pullback induces a
well-defined linear map

fre HéCR(N) - HZfR(M)? [w] = [f*w].

Proof. If dw = 0 then d(f*w) = f*(dw) = 0, so f*w is closed. If w = dn then f*w = f*(dn) =
d(f*n) is exact. Therefore the assignment [w] — [f*w] depends only on the cohomology class
of w and is well defined. O
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7.1.3 Homotopy invariance
A fundamental property of de Rham cohomology is that it is invariant under smooth homotopies.

Theorem 7.5 (Homotopy invariance). Let fo, f1 : M — N be smooth maps and suppose there
exists a smooth homotopy F : M x [0,1] — N with F(-,0) = fo and F(-,1) = fi. Then for
every k,

fo = £ Hg(N) = Hip(M).

Proof. Fix a closed form w € Q¥(N) and consider F*w € QF(M x [0, 1]). Write coordinates on
[0,1] by t. Any k—form on M x [0, 1] can be written uniquely as

Frw=a(z,t)+dt A p(z,t),

where for each ¢ the form «f(-,t) is a k—form on M and S(-,t) is a (k — 1)—form on M.
Compute d(F*w) = 0 (since dw = 0 and pullback commutes with d). Using d = dps +dt A %
on product manifolds, one obtains

0 = d(F*w) = dyre + dt A (%‘; - dMB).

Hence

dya(-,t) =0 and ({;—?:dMB.

Integrating the second identity in ¢ yields

(1) — a(-,0) = dM(/Olﬁ(-,t) dt).

Finally, note that a(-,0) = fjw and (-, 1) = f{w, because restricting F' to ¢t =0 or t = 1 gives
fo or fi. Therefore

1
fro—fiw=d( [ 80
0
so fiw and fjw differ by an exact form and define the same class in H (M). This proves
fo = fi. O

Remark 7.6. There is a more conceptual proof using the Lie derivative and Cartan’s magic
formula
Lx =dix +txd,

applied to the vector field 9/0t on M x [0,1]. We will return to this viewpoint soon.

7.1.4 Poincaré lemma and the cohomology of R"
The Poincaré lemma explains why Euclidean space has no cohomology in positive degrees.

Theorem 7.7 (Poincaré lemma). Let U C R™ be star-shaped (in particular, contractible).
Then every closed k—form on U is exact for k > 1. Equivalently,

HRU)=R,  HRU)=0 fork>1.

Remark 7.8. Use the straight-line contraction of U to a point.
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7.1.5 The cohomology of S*

We compute de Rham cohomology of the circle using its description S' = R/Z.

Proposition 7.9. One has

HI(SY =R,  HR(SYH=R,  HRSYH=0 fork>2.

~

Proof. Since S is connected, the only closed 0-forms are constant functions, hence Hg (S*)
R.

For H!, view S' = R/Z with coordinate  on R. A smooth 1-form on S* corresponds to a
Z—periodic smooth function f on R via

a = f(z)dz.

Every 1-form is automatically closed (since da is a 2—form on a 1-manifold). The form « is
exact if and only if there exists a smooth Z-periodic function v with du = u/(z) dz = «, i.e.

u = f.

If u is periodic then integrating v’ = f over one period gives
1
/ f(z)dr = u(l) —u(0) = 0.
0
Conversely, if fol f(z)dx =0, define
u(w) = / F(t) dt.
0

Then o/ (z) = f(x), and w(x + 1) —u(z) = [*T' f(t)dt = fol f(t)dt =0, so u is periodic and

x
o = du is exact.

Thus exact 1-forms are precisely those with f g1 @ =0, and the map

Hiz(SY) — R, [a] — «
S1
is a well-defined linear isomorphism. In particular, the class of dx is a generator and H GllR(S D=
R. Finally, H5; (S') = 0 for k > 2 since QF(S') =0 for k > 2. O

7.1.6 The cohomology of S"

We now compute the cohomology groups of the sphere. First note that Q¥(S™) = 0 for k > n,
hence H, (S™) =0 for k > n.

To treat the remaining degrees, we use the standard cover of S™ by two contractible open
sets. Let U be the complement of the north pole and V' the complement of the south pole. By
stereographic projection, both U and V are diffeomorphic to R™, hence by the Poincaré lemma

HY(U) = HY (V) =0 for k> 1.

Moreover, U NV is diffeomorphic to S*~! x R and hence homotopy equivalent to S™~!.
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Theorem 7.10. For n > 1 one has
HYR (S =R,  HR(S™ =R,  HR(S")=0 for0<k<n.

Proof. First, HJz (S™) = R because S™ is connected.
Let 0 < k < n and let o € QF(S™) be closed. Since H¥: (U) = 0 and HY; (V) = 0, there
exist forms v € QF~1(U) and v € Q¥1(V) such that

aly = du, aly = dv.

On the overlap U NV we have d(u —v) =0, so u — v is a closed (k — 1)-form on U N V. Since
U NV is homotopy equivalent to S™~!, by induction on n we know that

g UNV)=0 forl1<k-1<n-2,
hence u — v is exact: there exists w € Q¥=2(U NV) such that
u—v=dw onUNV.

Choose a smooth cutoff function p on S™ such that p = 1 on a neighborhood of the north
pole and p = 0 on a neighborhood of the south pole. In particular, p is supported in V' and
1 — p is supported in U. Set

v :=u—d(pw) on U, v ::v—d((p—l)w) on V.

Then du’ = du = |y and dv’ = dv = al]y, and one checks that «' and v’ agree on UNV. Hence
they glue to a global (k — 1)-form 6 on S™ with df = . Thus « is exact and H¥; (S™) = 0 for
0<k<n.

Now consider k£ = n. The same argument shows that any closed n—form « is exact on
U and on V, so a|y = du and a|y = dv for some (n — 1)-forms u,v. On U NV we have
dlu —v) = 0, 50 u — v is a closed (n — 1)form on U NV ~ S ! x R. By induction,
Hi U NV) = HiH (S 2R, so we can write

u—v=An+dy onUNYV,

where A € R, v € Q""2(UNV), and 7 is a fixed closed (n—1)-form on U NV whose cohomology
class is nonzero. If A = 0, then v — v is exact and the previous gluing argument shows that «
is exact on S™. Therefore H}(S™) has dimension at most 1.

Finally, H (S™) is nontrivial because S™ is orientable and hence admits a volume form w.
If w were exact, w = df3, then Stokes’ theorem on the closed manifold S™ would give

[on [

contradicting [q, w # 0. Hence [w] # 0 in Hj(S™), so dim Hz(S") = 1 and Hjy (S™) =
R. O

Remark 7.11. The last step shows a general principle: if M is a compact oriented manifold
without boundary, then the top-degree de Rham cohomology Hjy (M) is nontrivial, because
a compatible volume form cannot be exact. Later we will see that H (M) is in fact one-
dimensional when M is also connected.
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7.1.7 The case M x S*

In this subsection we compute the de Rham cohomology of M x S! directly, without using any
general Kiinneth theorem. The key inputs are:

e the decomposition of forms into a part involving dt and a part not involving dt,
e integration over the circle,

e and the homotopy formula from Theorem 7.5.

Write S = R/Z with coordinate ¢ € [0,1) and let
0 :=dt € Q*(Sh).

This is a globally defined closed 1-form on S?.
Let mpr : M x S — M and 7g1 : M x S* — S! be the projections.

Decomposition of forms and a fiber integral.
Every k—form on M x S' can be written uniquely as

w=oa(z,t)+dtAB(x,t), (7.1)

where for each fixed ¢ the form a(-,t) lies in Q¥(M) and B(-,t) lies in QF~1(M).
Define linear maps

A QF(M x 1) = QF(M), B :QF(M x S') — QF(M)
by
1 1
A(w) :—/ a(.7t) dt, B(w) ;_/ 5(.715) dt,
0 0
where «, § are as in (7.1). These are well defined because the decomposition is unique.

Lemma 7.12. If w is closed, then A(w) is a closed k—form on M and B(w) is a closed
(k= 1)—form on M. Moreover, if w is exact, then A(w) is ezact and B(w) is ezact.

Proof. Write w = av+dt A B. Using d = dps + dt A 9y on the product and d(dt) = 0, we compute
dw = dyra + dt A (8t04 — dM,B).

If dw = 0, then dy;a = 0 and Oy = dpr 8. Integrating in ¢ yields dyA(w) = A(dpra) = 0 and

a(,1) —a(-,0) = /01 O dt = /01 dy B dt = dpyB(w).

Since a(-,1) = a(-,0) (periodicity in t), we obtain dy/B(w) = 0 as well.
If w = dn, write n = p + dt A v with p € Q¥Y(M), v € Q¥=2(M) depending on . Then

w=dn=dpyp+dtAN (&m — dMV),

so a =dyp and 8 = Oy — dprv. Thus

Aw) = /OldM,udt—dM(/Oludt>
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is exact, and

1 1 1
B(w) = / (Oepe — dagv) dt = p(-,1) — (-, 0) — das (/ th) - —dM(/ ydt)
0 0 0
is exact. O
By the lemma, A and B descend to well-defined linear maps on cohomology:

A:HE (M x SY) — Hip (M),  B:HE (M x SY) — HEH(M).

The main statement.

Theorem 7.13 (Kiinneth for M x S'). Let M be a smooth manifold and let § = dt be the
standard closed 1-form on S' = R/Z. For each k > 0 the map

d: HYR(M) o Hgﬁl(M) — HY: (M x 81, ([u], [v]) — [mhu + Thpv A T 0]
is an isomorphism (with the convention Hiz (M) =0).

Proof. Step 1: ® is well defined. If u is replaced by u + dv, then 7}, (u + dv) differs from 7},u
by the exact form d(7n},7v). If v is replaced by v + dd, then

Thr(v 4 d6) A0 = T ATE 6 + d(mh ) A g0 = T A e 6+ d(mh0 A Té6),

since df = 0. Hence the cohomology class of the image depends only on [u] and [v].
Step 2: Construct a candidate inverse. Given a cohomology class [w] € HA; (M x S1),
choose a closed representative w and write it as w = a + dt A 8. Define

U([w]) = ([AW)], [BW)]) € Hip(M) ® Hig' (M).

This is well defined by Lemma 7.12.
Step 3: Wo ® =id. Let u be a closed k—form on M and v a closed (kK — 1)—form on M.
Then
O([ul, [v]) = [myu + mhv Adi],
so in the decomposition o = m},u and 3 = 7},v are independent of ¢. Hence A = fol adt =u

and B = fol B dt = v. Therefore U(®([u], [v])) = ([u], [v]).
Step 4: ® o U =id. Let w be a closed kform on M x S and write w = o + dt A 5. Set

a = A(w) € QF (M), B:= B(w) € Q" 1(M),

and consider the closed form B
wo = Ty + B A dL.
We will show that w — wy is exact.
Define H : M x S x [0,1] — M x S! by
H(x,t,s) = (z, t +s),

where t+ s is taken modulo 1. Then H(-,-,0) = id and H(-,-,1) = id, but the path s — H(-, -, s)
implements translation in the S'-direction. Applying the homotopy formula from Theorem 7.5
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to the closed form w and the homotopy H, one obtains an explicit (k — 1)-form K (w) on
M x St such that
T'Ww —w = dK(w), (7.2)

where 7(z,t) = (x,t + 1) is the time-1 translation, hence the identity map. Averaging (7.2)
over s € [0,1] yields that w is cohomologous to its average in ¢: there exists n € QF~1(M x S1)
such that

1
w— / (id x75)*wds = dn.
0

A direct computation of the average using the decomposition w = a + dt A 5 shows that
1
/ (id x75)*wds = Ty a + w8 A dt = wo.
0

Hence w — wy is exact, so [w] = [wp] = P(¥([w])).
Combining Steps 3 and 4 shows that ® and ¥ are inverse isomorphisms. O

Corollary 7.14. Let T" = (S1)" = R"/Z" with periodic coordinates (x',...,x™). Then for
each k =0,1,...,n the de Rham cohomology group H(’fR(T") 1s a real vector space of dimension
(Z) More precisely, the cohomology classes
[dwil/\~--/\daci’“], 1<y < <ip <n,
form a basis of Hé‘/’R(T”). In particular,
HgR(Tn> = R? H&R(Tn) = an H(?R(Tn) = Rv

and HY: (T™) = 0 for k > n.
Proof. We argue by induction on n using Theorem 7.13.

For n = 1 this is exactly the computation of H3g(S'), with basis [1] in degree 0 and [dz!]

in degree 1.
Assume the statement holds for 771 and consider

T =7""x S

with coordinates (z!,...,2" !, 2"). By Theorem 7.13, for each k there is an isomorphism

Hip(T") = Hig (T @ Hi (T,
given explicitly by
([u], [v]) — [T u + 7"v A dz™],

where 7 : T — T" 1 is the projection and we identify da™ with the pullback of the standard
1-form on the last S* factor.

By the induction hypothesis, Hé“R(T"_l) has basis [dazil A A d:cik] with 1 <ip < -+ <
i <n—1, and Hclfgl(T"_l) has basis [dmjl A /\dxjkfl] with1 <j; < - <jp_1<n-—1.
Under the above isomorphism these basis elements map to the classes

[dwil ARERWA dxi’“] and [dle A AdadR=1 A dx"],

which together are exactly the classes

[dazel/\-'-/\d;rg’“], 1<l <<l <n.

Hence they form a basis of Hip (T™). Counting them gives dim Hf, (T™) = (7). O
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Remark 7.15. Theorem 7.13 is a special case of the general Kiinneth formula for de Rham
cohomology, but the proof above uses only the homotopy formula and elementary manipulations
with differential forms.

7.1.8 Top-degree cohomology of a compact connected manifold

We have computed the de Rham cohomology of the sphere and the torus. Next we prove
a general result: for a compact connected orientable m—manifold, the top-degree de Rham
cohomology is isomorphic to R. The proof is elementary and reduces to a compactly supported
construction in Euclidean space.

A divergence lemma on a cube.
Let I"™ = [0,1]™ C R™.

Lemma 7.16. Let f € C°(R™) satisfy supp(f) C I"™ =[0,1]™ and

f(z)dx =0.
Rm
Then there exist smooth functions fi,..., fm € C(R™) such that supp(f;) C I"™ for each i,
and .
afi. = f on R™.
P oz’

Proof. We argue by induction on m.
Step 1: The case m = 1. Let f € C°°(R) be supported in [0, 1] and satisfy [, f(z)dz = 0.
Define

hw)= [ s

Then f; is smooth and f{(z) = f(x). Moreover, for x < 0 we have fi(z) =0, and for x > 1 we
get

i@ = [ feas= [ seas=o,

so supp(f1) C [0,1].

Step 2: Induction step. Assume the lemma holds in dimension m — 1. Let f € C*°(R™) be
supported in I and satisfy me fdz=0.

Write x = (', 2™) with 2’ € R™~1. Define

g(z) == / f(a' t)dt.
R
Then g € C°(R™~!) and supp(g) C I"™ . Moreover,
/ g(z) da' = f(z)dz =0.
Rm—1 Rm

By the induction hypothesis, there exist Ay, ..., hpn_1 € C®°(R™1), supported in I™ !, such

that
m—1
>
=1

h; _
gxi =g on R™ 1,
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Choose p € C*°(R) with supp(p) C [0, 1] and

/Rp(t) dt=1.

fi(a',a™) = hi(a’) p(z™).
Then supp(f;) C I™™ 1 x [0,1] C I™, and

Fori=1,...,m — 1 define

ot S m 7l o, , m . .
; (2, x ):( ami($)>p(x ) = g(z') p(a™).

ox* ,
=1

Set
H(z',2™) = f(a',2™) — g(2") p(z™).
Then H € C*°(R™), supp(H) C I"™, and for every fixed 2’ we have

/R H(a' 1) dt = /R f(a, by dt - g(a) /R p(t) dt = g(a') — g(a') = 0.

Define

m

x
fm(2!,2™) ::/ H(z', t)dt.
—o0o
Then f,, is smooth and satisfies

9fm

g (@) = H(@',2™) = f(2',2™) — g(a’) p(a™).

Moreover, since supp(H) C [0, 1] in the 2™—variable, we have f,,,(2/,2™) = 0 for 2™ < 0. For
™ > 1 we obtain

™ 0
(2 2™) = / H(Z' t)dt = / H(z',t)dt =0,

so supp(fm) C I™.

Finally,
N Ofi (R~ 0fiy | Ofm
P oxt (; Bxi) +("):v7m =g+ (f-g0) =1
which completes the induction. ]

A compactly supported primitive in top degree.

Corollary 7.17. Let w € Q™(R™) satisfy supp(w) C I™ and

/ w=0.

Then there exists n € Q™ 1(R™) such that supp(n) C I™ and dn = w.
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Proof. Writew = f(z)dx'A---Adz™ with f € C°°(R™). Then supp(f) C I"™ and Jgm fdz=0.
By Lemma 7.16 we can find fi,..., fm, supported in I" such that >, 0;f; = f.
Define

ni=3 (1) fide' A Adai A A da™,
=1

where the hat indicates that da’ is omitted. Then 7 is smooth, supported in I™, and a direct
computation gives

d :(i8fi>d1:1/\---/\da:m:fd:nl/\---/\dmm:w
" Ozt '

i=1

Moving the support of a top form along a chain of charts.
The next lemma says that, within a fixed cohomology class, we can move the support of a
top-degree form from one coordinate neighborhood to another.

Lemma 7.18. Let M™ be a connected smooth manifold without boundary, and let Uy, Use C M
be coordinate neighborhoods. Assume in addition that both Uy and Uy are diffeomorphic to
the open cube (0,1)™. Suppose wy € Q™(M) satisfies supp(wp) C Up. Then there exists
n € Q" Y(M) such that

supp(wo + dn) C Us.

Proof. Choose coordinate neighborhoods Uy, Uy, ..., Uy such that
UjflﬂUj#@ forall j=1,..., N, Un = Ux,

and each Uj is diffeomorphic to the open cube (0,1)™. (This is possible since M is connected:
first choose a chain of coordinate neighborhoods with consecutive overlaps, and then shrink
each neighborhood so that it is still a coordinate neighborhood, still overlaps the next one, and
its coordinate image is an open cube.)

We construct forms w; € (M) inductively with

supp(wj) CcUj-1NU; and / wj :/ Wj—1-
M M

To do this, fix j > 1. Since U;_1 N U; is a nonempty coordinate neighborhood, we can choose
a smooth bump function x supported in U;_1 N Uj, not identically zero, and let 2 be the
local coordinate volume form on that chart. Then x €2 is a compactly supported m—form with
Jar X # 0. Hence we may pick a constant ¢; € R so that

wj = cj x {1 satisfies /wj:/ wj—1.
M M

Now w;_1 — wj has compact support contained in U;_; U U; and satisfies fM(wj_l —w;) =0.

Moreover, by construction supp(wj—1 — wj) is contained in the coordinate neighborhood
Uj_1 (since wj_1 is supported in U;_oNU;_1 C U;_1 and wj is supported in U;_1 NU; C Uj_l).
Thus we may identify U;_; with an open set in R™. After multiplying by a cutoff function
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that equals 1 on supp(wj—1 — w;) and has support in a cube contained in the chart, we can
reduce to Corollary 7.17 in R™ and obtain 7; € Q™ 1(M) supported in U;_; such that

d?]j = W5 —Wj—1.
Summing over j = 1,..., N and setting n := Z;\le n;j, we get
wo + dn = wn,

and supp(wy) C Un—1 N Uy C Use. O

Localizing a top form to a fixed chart.

Proposition 7.19. Let M™ be a compact connected smooth manifold without boundary, and
let U C M be a coordinate neighborhood. Then for every w € Q™ (M) there exists n € Q™ 1(M)
such that

supp(w +dn) C U.

Proof. Choose finitely many coordinate neighborhoods Vi, ...,V covering M and a partition
of unity {Pi}f\il subordinate to this cover. Then w = Zf\i 1 piw, and each p;w has support
contained in V.

Fix i. Apply Lemma 7.18 with Uy = V; and U, = U to the form wg := p;w. We obtain
n; € QM~L(M) such that supp(p;w + dn;) C U. Summing over i and setting n := ZZ]\LI i, We
get

N
w+dn = Z(pzw + dn;),
i=1
and the right-hand side is supported in U. O

Top-degree cohomology of a compact oriented manifold.
Assume now that M™ is compact, connected, and oriented. Then the integral | y W is
defined for w € Q™ (M) and vanishes on exact forms. Hence we obtain a linear map

I: HiL(M) — R, I([w]):/Mw.

Theorem 7.20. Let M™ be a compact connected oriented smooth manifold without boundary.
Then I is an isomorphism. In particular,

HiL (M) =R.

Proof. Step 1: Surjectivity. Choose a volume form p € Q™ (M) with [;, i # 0 (e.g. any positive
volume form). Then I([u]) = [;, i, so I is surjective.

Step 2: Injectivity. Let [w] € HFL (M) satisfy I([w]) = [,;w = 0. Fix a coordinate
neighborhood U C M. By Proposition 7.19 there exists 79 € Q™ 1(M) such that

supp(w + dny) C U.

Set wi := w + dnp. Then fM w1 = wa = 0 and w; is supported in a coordinate chart.
Choose a smaller coordinate cube inside that chart containing supp(w;). By Corollary 7.17
(transported to the chart) there exists 71 € Q™ 1(M) supported in U such that dg; = w;.
Hence w = d(n — no) is exact, so [w] = 0.

Therefore I is injective, and hence an isomorphism. O
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Remark 7.21 (Top-degree cohomology without orientability). Proposition 7.19 does not
assume that M is oriented. In particular, for any compact connected smooth manifold M™
(possibly nonorientable) and any fixed coordinate neighborhood U C M, we may define a linear
map

J: Hp(M) —R

as follows. Given [w] € H% (M), choose n € Q™ 1(M) such that supp(w + dn) C U and set

J(w)) = /U (w+ di),

where the integral is taken by transporting w + dn to an open subset of R™ via the chosen chart
and using the standard integration on R™. (The value is independent of all choices: changing
n alters w + dn by an exact form supported in U, whose integral over U vanishes.)

Exactly as in the proof of Theorem 7.20, the map J is injective: if J(Jw]) = 0, then after
localizing the support into a coordinate cube one concludes that w is exact by Corollary 7.17.

If M is oriented, one checks that J = I (hence J is an isomorphism). If M is not orientable,
then H (M) = 0. Indeed, a nowhere vanishing m-form would determine an orientation, so
on a nonorientable manifold every m—form must vanish somewhere; in particular, there is no
volume form. Since J is injective and J([w]) can be computed locally in a chart, it follows that
the only possible top-degree class is the zero class.

Degree of a map between compact oriented manifolds.
Let M™ and N™ be connected, compact, oriented smooth manifolds without boundary, and
let f: M — N be a smooth map.

Definition 7.22 (Degree). There exists a unique real number deg(f) € R such that for every

w € Q"(N),
| e = aentn) [ (7.3)

This number is called the degree of f.

Ezistence and uniqueness. Choose 0 € Q"(N) with [, 6 =1 and set

dea(f) == /M 7.

Given any w € Q"(N), let a := [, w. By Theorem 7.20, we have [w] = a[f] in Hjg (N), hence
w — af = dj for some B € Q""1(N). Therefore

[ ro= [ rasvan=a [ o+ [ ars -adac,

and since a = [ w, (7.3) follows.
Uniqueness is immediate: if [, f*w = k [y w holds for all w, then taking w = 6 gives

k= [, [0 = deg(f). O
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Theorem 7.23. Let f : M™ — N™ be smooth between connected compact oriented n—manifolds,
and let ¢ € N be a reqular value of f. Then f~1(q) is a finite set and

deg(f)= > sen(),
z€f~H(q)
where sgn(x) = +1 if dfy : TyM — TN is orientation preserving, and sgn(z) = —1 otherwise.

Proof. 1f f~'(q) = 0, choose w € QX(N\ f(M)). Then f*w = 0, hence deg(f) [y w = [}, [*w =
0. Picking w with [, w # 0 forces deg(f) = 0.

Assume now f~!(q) = {x1,...,Zm}. Since q is a regular value, each z; is a regular point.
By the inverse function theorem, there exists a connected coordinate neighborhood U 3 ¢ and
pairwise disjoint neighborhoods V; 5 z; such that fl|y, : V; — U is a diffeomorphism for each ¢,
and

Choose w € Q2(U) with [;;w =1. Then

m
desf) = [ Fo=3" [ 1w
If f|v, preserves orientation, then by change of variables fV ffw = wa = 1; if it reverses
orientation, then [i, f*w = — [, w = —1. Hence deg(f) = >_,sgn(z;). O

Remark 7.24 (Integrality and the mod 2 degree). Theorem 7.23 shows in particular that
deg(f) € Z: for a regular value q it is a finite sum of £1. Moreover, reducing the identity

deg(f) = 3 sena)

zef~1(q)

modulo 2, we obtain

deg(f) = #/"'(a) (mod 2),

which recovers the mod 2 degree defined earlier (counting the number of preimages of a regular
value modulo 2) without any orientability assumptions.

Proposition 7.25 (Multiplicativity). If f: M — N and g : N — P are smooth maps between
connected compact oriented n—manifolds, then

deg(g o f) = deg(g) deg(f)-

Proof. For any w € Q"(P) we have

[ aopre= [ 5w =dees) [ g = des(desto) [ o

By uniqueness in Definition 7.22, this implies deg(g o f) = deg(g) deg(f). O
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An application: the fundamental theorem of algebra.
Let C = C U {co} be the extended complex plane. It is diffeomorphic to S? and hence a
connected compact oriented smooth 2-manifold. Fix k£ > 1 and consider the polynomial map

f:C—C, f2)=2"+a2F 1+ +a (z€0), f(o0) = 0.

(Equivalently, in homogeneous coordinates [Z : W] € CP! one may write f([Z : W]) =
[P(Z,W) : WF] where P(Z,W) = Z* + a1 Z*"'W + --- 4 a3, W*, from which smoothness at

oo = [1 : 0] is immediate.)
Proposition 7.26. The map f : C — C has degree deg(f) = k.

Proof. On C =2 R? we use the standard orientation determined by dz Ady. Let h: U ¢ C — C
be holomorphic and let p € U with h/(p) # 0. Writing h = u + v in real and imaginary parts,
the Cauchy—Riemann equations give at p

Dh (M w) _ (e uy
P Vg Uy —uy ug)’

det(Dhy) = uZ + uz =W (p)]* >0,

Hence

so Dh,, is orientation preserving.

Consider first fo(z) = 2*. Let ¢ € C\ {0} be a regular value of fy. Then f;'(q) consists
of the k distinct k-th roots of ¢. On C the map z — 2* is holomorphic, hence orientation
preserving at every point where dfy # 0; for g # 0 all preimages satisfy dfy # 0. Therefore
Theorem 7.23 yields deg(fy) = k.

Now consider the homotopy of maps f(z) = 2 +t(ay 2" 1 +- - -+az) on C (with f(c0) = o).
One shows that deg(f;) is constant in ¢. Indeed, for any w € Q"(N) the form f;'w represents the
cohomology class f;[w] € Hi (M), and integration over M depends only on this cohomology
class. Since de Rham cohomology is homotopy invariant, the map f7 : Hip (V) — HJz (M)
does not depend on t. Consequently deg(f;) is independent of ¢, and hence deg(f) = deg(f1) =
deg(fo) = k. u
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